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We reexamine the vacuum structure of three-dimensional quantum chromodynamics (QCD3)
with gauge group SU(N), Nf fundamental quark flavors, and a level-k Chern-Simons term.
This analysis can be reliably carried out in the large-N , fixed Nf , k limit of the theory,
up to certain assumptions that we spell out explicitly. At leading order in the large-N
expansion we find Nf + 1 distinct, exactly degenerate vacuum superselection sectors with
different patterns of flavor-symmetry breaking. The associated massless Nambu-Goldstone
bosons are generically accompanied by topological Chern-Simons theories. This set of vacua
contains many candidate phases previously proposed for QCD3. At subleading order in the
large-N expansion, the exact degeneracy between the different superselection sectors is
lifted, leading to a multitude of metastable vacua. If we dial the quark masses, different
metastable vacua can become the true vacuum of the theory, leading to a sequence of first-
order phase transitions. This intricate large-N dynamics can be captured by the previously
proposed bosonic dual theories for QCD3, provided these bosonic duals are furnished with
a suitable scalar potential. Interestingly, this potential must include terms beyond quartic
order in the scalar fields.
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1. Introduction
Gauge theories in three dimensions are qualitatively different from their four-dimensional
counterparts. An important reason for this is the existence of the three-dimensional Chern-
Simons term,
SCS =
k
4pi
∫
d3xTr
(
AdA+
2
3
A3
)
, (1.1)
which defines a well-defined, gauge-invariant contribution to the functional integral as long
as the level k is suitably quantized. Moreover, Chern-Simons terms can arise by integrating
1
out massive fermions, and consequently they are essentially unavoidable [1, 2]. Since the
Chern-Simons action has fewer derivatives than the standard Yang-Mills kinetic term, it is
in fact the leading term in the deep infrared, where it gives rise to deconfined low-energy
phases with anyons described by a topological quantum field theory (TQFT). The proper-
ties of the anyons depend on the gauge group and on the Chern-Simons level k. Another
important point is that there is no notion of chirality in three dimensions. Consequently,
three-dimensional gauge theories with matter display different symmetries and different
patterns of symmetry breaking than their four-dimensional cousins.
In this paper we will study three-dimensional quantum chromodynamics (QCD3),
i.e. SU(N) Yang-Mills-Chern-Simons gauge theory with gauge group SU(N) and Nf Dirac
fermions in the fundamental representation (we will follow the notation and conventions
in [3–7]). This theory has a global U(Nf ) flavor symmetry. The dynamics of the theory
depends on the number of colors N , the Chern-Simons level k in (1.1), the number Nf
of fermion flavors, and the fermion masses. Another mass scale is furnished by the Yang-
Mills gauge coupling g2, which plays a role analogous to that of the strong-coupling scale
in four-dimensional asymptotically free gauge theories.
Several corners of the QCD3 parameter space admit weak-coupling expansions and are
consequently rather well understood:
• Large masses: If the mass m of any fundamental fermion is sufficiently large, we can
reliably integrate out that fermion. At one loop, this leads to a well-known shift of
the Chern-Simons level [1, 2],
k −→ k + 1
2
sgn(m) . (1.2)
This formula holds for any fundamental quark. If we add the same mass m for all Nf
quark flavors, we find that the deep IR is described by a Chern-Simons theory with
level kIR = k +
Nf
2
when m is large and positive. When m is large and negative, we
instead find kIR = k − Nf2 . The low-energy description of these two regimes consists
of SU(N)kIR Chern-Simons TQFTs with two distinct levels kIR = k ±
Nf
2
. There is
therefore necessarily a phase transition as we vary m from large negative to positive
masses. (This holds for all values of k and N , as long as Nf ≥ 1.) Such a phase
transition may be second order, i.e. described by a Conformal Field Theory (CFT),
or it may be first order. More generally, there may be several transitions of different
orders as we dial m.
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• Large k or large Nf : In these limits one can solve the model explicitly in perturbation
theory (see [8] for some early work) and one finds a weakly-coupled CFT which
describes a second-order transition between the two large-mass phases reviewed in
the previous bullet point.
• Large k and large N with fixed λ = N/k: Here, as in the previous bullet point, one
finds a interacting CFT describing a second-order transition between the two large-
mass phases described in the first bullet point above. The properties of this CFT can
be understood in great detail as a function of λ [9–16]. See also the review [17]. In
the recent literature this limit has been termed the three-dimensional ’t Hooft limit,
with λ the corresponding ’t Hooft coupling. We emphasize that this limit is distinct
from the conventional ’t Hooft planar, large-N limit in four dimensions [18], whose
three-dimensional analogue is the main subject of this paper.
Duality plays a crucial role in elucidating the dynamics of QCD3 (see [19–26,4,5,27,6,
28, 29] for an incomplete sampling of the original literature).1 Motivated by the idea that
the large-mass limits are separated by a single phase transition, which is known to be of
second order in the weak-coupling limits reviewed above, it was proposed that the bosonic
theory
U
(
N˜ = k +
Nf
2
)
−N
+Nf fundamental scalars φ , (1.3)
describes precisely the same phase transition. To see this, assume that all the scalars φ
are massive and can be integrated out. Then the low energy theory is described by the
TQFT U
(
k +
Nf
2
)
−N
, which is level-rank dual to SU(N)
k+
Nf
2
. This in turn is the TQFT
describing the large positive quark mass phase of QCD3.
Other phases can arise if some of the scalars condense. A priori there are many possible
condensates, leading to a variety of low-energy theories. In order to reproduce the large
negative mass phase of QCD3, one must assume that the scalar potential of the bosonic dual
theory is chosen such that the φ condensate does not break the U(Nf ) flavor symmetry.
This is only possible if the rank N˜ = k +
Nf
2
of the dual U(N˜) gauge theory is bigger
than Nf , or alternatively if k ≥ Nf2 . (See section 4 for a detailed review.) The fact that
the flavor symmetry is unbroken forces the gauge symmetry to be higgsed to U
(
k − Nf
2
)
.
We will occasionally refer to higgsing while preserving the largest possible flavor symmetry
as full color-flavor locking. Here this phenomenon leads to a low-energy U
(
k − Nf
2
)
−N
1 For some other recent work on non-supersymmetric gauge dynamics in three dimensions see [30–50].
3
Chern-Simons TQFT, which is level-rank dual to SU(N)
k−Nf
2
and therefore describes the
large negative mass phase of QCD3.
These considerations motivate a simple phase diagram for QCD3 with k ≥ Nf2 , which
is shown in figure 1. Although this phase diagram has been subjected to a multitude
of stringent tests, it ultimately remains a conjecture. Moreover, even if the structure of
the phases is correct, it is not in general possible to determine the order of the phase
transition that separates them. An exception occurs in the weak-coupling limits described
in some of the bullet points above, where it can be shown that the transition is second-order
and described by an interacting CFT. Whenever the transition is second-order, and hence
described by a CFT, the duality implies that both QCD3 and the bosonic dual theory (1.3)
can be tuned to flow to this CFT in the deep IR.
U
✓
Nf
2
+ k
◆
 N
+Nf  
SU(N)
k Nf2
SU(N)
k+
Nf
2 m
k   Nf
2
SU(N)k +Nf  
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Figure 1: Minimal possible phase diagram for QCD3 (shown in blue) when k ≥ Nf2 . The
two massive phases contain non-trivial TQFTs in the deep IR. The bosonic dual is shown
in red, and the transition between the two phases (which may be first or second order)
is indicated by a yellow dot. In some weak-coupling limits this phase diagram can be
established rigorously, and the phase transition can be shown to be second order.
The scenario discussed above, where the condensate in the Higgs phase preserves the
full U(Nf ) flavor symmetry, is only possible when k ≥ Nf2 . For this reason, the dynamics
of QCD3 in the regime 0 ≤ k < Nf2 is necessarily more involved.2 Note that this regime is
2 As we will discuss below, time reversal flips the sign of k so that we are free to choose k ≥ 0 without
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beyond any of the weak-coupling limits reviewed above, as long as Nf is not too large and
the quark masses are sufficiently small.3 A minimal possible conjecture [7] for the behavior
of QCD3 when 0 ≤ k < Nf2 is that there are three phases, which can be described by two
mutually non-local bosonic duals,4
U
(
Nf
2
+ k
)
−N
+Nf fundamentals φ , U
(
Nf
2
− k
)
N
+Nf fundamentals φ̂ . (1.4)
When the scalars φ or φ̂ condense, they necessarily break the U(Nf ) flavor symmetry. How-
ever, it is natural to retain the assumption of full color-flavor locking, i.e. the condensates
preserve the largest possible flavor symmetry. With this assumption, both bosonic dual
theories in (1.4) possess a phase in which the gauge symmetry is completely higgsed, but
the flavor symmetry is spontaneously broken as follows,
U(Nf ) −→ U
(
Nf
2
+ k
)
× U
(
Nf
2
− k
)
. (1.5)
The deep IR contains the corresponding Nambu-Goldstone (NG) bosons, whose target space
is the complex Grassmannian Gr
(
Nf
2
+ k,Nf
)
= U(Nf )
/
U
(
Nf
2
+ k
)
×U
(
Nf
2
− k
)
. These
considerations motivate a minimal phase diagram for QCD3 with 0 ≤ k < Nf2 , which is
shown in figure 2. As before, this conjectured phase diagram has been subjected to a large
number of consistency checks. However, the order of the two proposed phase transitions is
not easy to determine.
In this paper we will study QCD3, as well as its bosonic duals (1.3), (1.4) in a limit
that is different from any of the weak-coupling limits mentioned above. The limit we
consider here is the large-N limit where k, Nf are held fixed, while the Yang-Mills gauge
coupling g2 scales such that the mass scale Λ = g2N is held fixed. This limit is simply the
three-dimensional version of the standard planar large-N limit introduced by ’t Hooft in
four dimensions [18]. This limit is qualitatively different from what has come to be known
as the ’t Hooft limit in three dimensions, where both N and k are taken to infinity, but
the dimensionless quantity λ = N
k
is held fixed (see above). In order to avoid any confusion
we refer to the limit we study here (with N →∞ and k,Nf fixed) as the large-N limit.
loss of generality.
3 More precisely, the phase diagram discussed here is only expected to exist for sufficiently small Nf [7].
See [51] for some rigorous bounds based on the F -theorem.
4 Here we have in mind a picture similar to the mutually non-local monopole and dyon points in Seiberg-
Witten theory [52].
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Nf
2
+ k
◆
 N
+Nf  
SU(N)
k Nf2
SU(N)
k+
Nf
2
m
SU(N)k +Nf  , 0  k < Nf
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2
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N
+Nf b 
<latexit sha1_ba se64="r8N0a6hcE0jCN4AxBql5Agq9 Q4c=">AAACIXicbVDJSgNBFOxxjXGL evTSGARFDTNR0KPoxVOIYIyQCUNP50 2mSc9C9xslDPkVL/6KFw+K5Cb+jJ3l4 FbQUFTV4/UrP5VCo21/WDOzc/MLi4W l4vLK6tp6aWPzVieZ4tDgiUzUnc80S BFDAwVKuEsVsMiX0PR7lyO/eQ9KiyS+ wX4K7Yh1YxEIztBIXums4UoIcC+veQ F1ExOl1QE9oj1XiW6I+16NHtCxd0jd B9GBkCF101B4pbJdscegf4kzJWUyRd 0rDd1OwrMIYuSSad1y7BTbOVMouIRB0 c00pIz3WBdahsYsAt3OxxcO6K5ROjR IlHkx0rH6fSJnkdb9yDfJiGGof3sj8 T+vlWFw1s5FnGYIMZ8sCjJJMaGjumh HKOAo+4YwroT5K+UhU4yjKbVoSnB+n/ yX3FYrznGlen1SPr+Y1lEg22SH7BGH nJJzckXqpEE4eSTP5JW8WU/Wi/VuDS fRGWs6s0V+wPr8AryeoWU=</latexit >
U(Nf )
U(
Nf
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Figure 2: Minimal proposed phase diagram of QCD3 with 0 ≤ k < Nf2 (shown in blue). In
addition to the large-mass phases containing Chern-Simons TQFTs, there is an intermediate
quantum phase containing NG bosons, but no TQFT. The two phase transitions (which
may be first or second order) are indicated by yellow dots. The quantum phase can be
simultaneously described by both bosonic dual theories (shown in green and red).
The large-N limit of QCD3 is non-trivial and exhibits new interesting phases and phase
transitions. Nevertheless, these phases can be analyzed very explicitly by adapting the logic
of [53] to QCD3. The resulting large-N phase diagrams are quite a bit more involved than
the minimal scenarios reviewed above (and summarized in figures 1 and 2): the theory de-
velops Nf+1 different vacuum superselection sectors, each with a different pattern of U(Nf )
symmetry breaking. The resulting NG bosons are generally accompanied by a non-trivial
Chern-Simons TQFT. These vacua are exactly degenerate at leading nontrivial order in the
large-N limit, and they are separated by an O(N) potential barrier. At subleading order
the degeneracy is split, leading to a multitude of low-lying metastable vacua in large-N
QCD3. Dialing the flavor-singlet mass parameter m of the theory leads to a sequence of
first-order transitions that traverses each of these vacua in turn. The existence of these
metastable vacua, as well as the resulting first-order phase transitions, is reminiscent of
theta vacua in four-dimensional gauge theories, even though three-dimensional gauge the-
ory does not admit a theta angle.5 It is an attractive feature of the large-N limit that
5 The analogy between the results in this paper and four-dimensional theta vacua can be made more
precise by thinking about interfaces in four dimensions. Interfaces in four-dimensional large-N QCD with
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we are able to explore both the regime k ≥ Nf
2
and the regime 0 ≤ k < Nf
2
in a uniform
manner, using a single set of tools.
Given that large-N QCD3 has multiple different phases, with NG bosons and TQFTs
in the deep IR, which are connected by first-order phase transitions, it is interesting to
ask what role the bosonic duals (1.3), (1.4) play in this context. Instead of providing an
alternative description for a putative second-order transition, the bosonic duals capture
all the IR phases of large-N QCD3 through different condensates of the scalar fields φ
and φ̂, i.e. different patterns of color-flavor locking. These condensates can be achieved by
specifying a scalar potential with certain special properties, which we describe in detail.
Interestingly, it is not possible to achieve these properties with a purely quartic scalar
potential, which was previously assumed in most discussions of duality (see [57] for a
notable exception). The same scalar potential can also describe the first-order transitions
between the different phases.
It is tempting to speculate that duality has more to say about the physics of large-N
QCD3 than simply matching the physics in the deep IR of its various phases. For instance,
the presence of exactly degenerate vacua in the large-N theory implies the existence of
domain walls that interpolate between these vacua. Perhaps the duality can be used to
infer the light degrees of freedom residing on the walls. Moreover, even though large-
N QCD3 only displays first-order transitions, it is conceivable that it could be deformed
in such a way as to give rise to a fixed point at complex couplings. In this case the
duality could furnish a fully equivalent description of the resulting complex CFT (see for
instance [58–60] for related ideas).
This paper is organized as follows: in section 2 we analyze the vacua of QCD3 at
leading non-trivial order in the large-N limit. In section 3 we incorporate the leading 1
N
corrections, and in section 4 we show that the phenomena uncovered in QCD3 can be
reproduced using its bosonic duals.
light quarks exhibit a rich structure of phases and transitions, because the four-dimensional theory contains
a light η′ particle in the large-N limit. There are many possible trajectories for the η′ in field space as we
cross the interface, and we expect these to describe the metastable three-dimensional vacua analyzed here. It
would be nice to establish this in detail, by generalizing the analysis in the appendix of [54] (see also [55,56]).
This picture suggests that when N is sufficiently small, so that the η′ is sufficiently heavy, the phase diagrams
we consider in this paper may simplify.
7
2. The Large-N Limit of QCD
3
In this section we analyze QCD3, i.e. SU(N)k Yang-Mills-Chern-Simons theory coupled
to Nf flavors of fundamental quarks, at leading order in the large-N expansion, while
keeping k and Nf fixed. Throughout, we use two-component Dirac fermions. Gauge fields
are hermitian A = Aata with Tr(tatb) = 1
2
δab. We use Lorentzian signature for the metric.
2.1. Yang-Mills-Chern-Simons Theory
We begin by considering Yang-Mills theory with gauge group SU(N) and a level-k
Chern-Simons term,
LYMCS =
1
4g2
Tr (F ∧ ?F ) + k
4pi
Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
, k ∈ Z . (2.1)
Here g2 is the three-dimensional Yang-Mills gauge coupling, which carries dimensions of
mass. By contrast, k ∈ Z is the dimensionless, quantized Chern-Simons level. The the-
ory (2.1) has a ZN 1-form global symmetry associated with the center of SU(N) gauge
group (see [61,62]). If k = 0 it is also invariant under time-reversal symmetry T.
In the absence of the Chern-Simons term (i.e. when k = 0), the theory in (2.1) is
expected to confine and flow to a gapped theory with a unique vacuum. In such a vacuum,
all Wilson loop operators obey an area law, so that the ZN 1-form symmetry is unbroken.
As in four dimensions [18], the large-N limit is defined by taking
N → ∞ , Λ = g2N = fixed . (2.2)
Here the mass scale Λ, which is the analogue of the four-dimensional ’t Hooft coupling,
furnishes the strong-coupling scale of the three-dimensional large-N theory. Since g2 ∼ 1
N
,
it follows that gluon propagators scale as 1
N
, while all vertices scale as N . This leads to
the usual perturbative large-N counting rules, e.g. planar vacuum diagrams scale as N2.
Let us consider the effect of a non-zero Chern-Simons level k in (2.1). Since the Chern-
Simons term has fewer derivatives than the Yang-Mills kinetic term, it is the leading term
in the deep IR. In its presence, the gluons acquire a mass mgluon ∼ kg2. At low energies,
the gauge degrees of freedom are described by pure SU(N)k Chern-Simons theory, which
is a TQFT. The line operators of this TQFT, which descend from the Wilson lines of
the SU(N) Yang-Mills theory in the UV, have non-trivial correlation functions at long
distances. Therefore the ZN 1-form symmetry is spontaneously broken and the gauge
theory is in a deconfined phase.
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If we take the large-N limit (2.2) while keeping k fixed, then the effects of the Chern-
Simons term are formally subleading. Intuitively, this follows from the fact that the gluon
mass mgluon ∼ kg2 ∼ kΛN vanishes at leading order in the large-N expansion. Alternatively,
we can rescale the SU(N) gauge field A → 1√
N
B, so that the Lagrangian (2.1) takes the
following schematic form,
L ∼ 1
Λ
Tr
(
(dB)2 +
1√
N
B2dB +
1
N
B4
)
+
k
N
Tr (BdB) +
k
N3/2
Tr
(
B3
)
. (2.3)
For the purpose of counting factors of N , replacing a Yang-Mills propagator or three-point
vertex by their Chern-Simons counterparts therefore multiplies a given diagram by 1
N
.
The fact that the Chern-Simons term is subleading in the large-N expansion does not
mean that it can be completely ignored. For instance, when k 6= 0 it is not correct to
conclude that the large-N theory leads to a confining, gapped theory with a unique, trivial
vacuum, as is the case for the k = 0 theory. Instead, as reviewed above, the theory flows to
a deconfined SU(N)k Chern-Simons TQFT in the deep IR, below the scale
kΛ
N
set by the
gluon mass, even though this scale vanishes in the large-N limit. This is similar to large-N
QCD in four dimensions with a finite number of massless quarks: the massless NG bosons
that appear in the deep IR arise from the quarks, which only enter at the first subleading
order in 1
N
. We will encounter an analogous phenomenon in section 2.5.6
2.2. Adding Flavors
We now add Nf flavors of quarks, i.e. complex, two-component Dirac fermions ψ
i
(with i = 1, . . . , Nf ) that transform in the fundamental representation of the SU(N) gauge
symmetry, to the Yang-Mills-Chern-Simons action (2.1),
L =
1
4g2
Tr (F ∧ ?F ) + k
4pi
Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
+ iψi /DAψ
i −mij ψjψi . (2.4)
Here DA = d− iA is the gauge-covariant derivative, while the ψi are Dirac spinors in three
dimensions. The mass parameters mi
j satisfy the reality condition
(
mi
j
)∗
= mj
i, so that
6 Another subtle issue is that certain observables in Chern-Simons theory that are sufficiently sensitive
to global issues can violate the standard perturbative large-N counting rules. For instance, the free energies
on compact Euclidean manifolds such as S3 and T 3 are enhanced by factors of order logN . (The partition
function on a large torus counts the number of ground states. For instance, if k = 1, this is just N , and
hence the free energy is proportional to logN .) Similar violations of the naive large-N counting rules occur
on other manifolds [63]. Intuitively, this is possible because the Chern-Simons term is not a gauge-invariant
local operator. This peculiarity will not affect our discussion.
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the Nf ×Nf mass matrix m (whose i-j entry is given by mij) is hermitian,
m† = m . (2.5)
The presence of the Nf fundamental fermions modifies the quantization condition for the
Chern-Simons level k in (2.1) as follows,
k +
1
2
Nf ∈ Z . (2.6)
Let us discuss the global symmetries of the QCD3 Lagrangian (2.4):
• When the mass matrix m vanishes, there is a U(Nf ) flavor symmetry under which
the ψi transform in the fundamental representation. The central U(1)B ⊂ U(Nf )
is the baryon number symmetry. It is preserved by any mass matrix m, while
the SU(Nf ) ⊂ U(Nf ) flavor symmetry is generically broken. Since m is a hermi-
tian matrix (see (2.5)), we can use an SU(Nf ) transformations to diagonalize it, with
real eigenvalues mi,
m = diag
(
m1, . . . ,mNf
)
, mi ∈ R . (2.7)
Note that the mi can have either sign. This is typical in three dimensions and will
play an important role below. Note that we can use an SU(Nf ) Weyl transformation
to arrange the mi in descending order,
m1 ≥ m2 ≥ · · · ≥ mNf . (2.8)
If all eigenvalues mi are distinct, there is only an unbroken U(1)
Nf symmetry. By
contrast, if all mi coincide the mass matrix is given by
m = m1 , m ∈ R , (2.9)
where 1 is the Nf ×Nf identity matrix. Such a mass term preserves the full U(Nf )
flavor symmetry. For this reason, we will refer to it as a flavor-singlet mass.
• We can define a time-reversal operation T that commutes with the U(Nf ) flavor sym-
metry, so that both the Chern-Simons level k and the mass matrix m (and hence
its entries mi
j, as well as its eigenvalues mi in (2.7)) are odd under T. Therefore
the theory is T-invariant if k and m vanish. Note that certain non-vanishing con-
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figurations of m are preserved by a combination of T and an element of U(Nf ) (see
footnote 9 for an example).
Note that the ZN 1-form global symmetry that was present in the Yang-Mills-Chern-Simons
theory (2.1) is explicitly broken by the inclusion of the fundamental quarks, which serve
as endpoints for Wilson lines in the fundamental representation of SU(N).
The quark mass matrix m decomposes into a traceless part m̂, as well as the trace
part m1 in (2.9). Since m̂ transforms in the adjoint representation of SU(Nf ) ⊂ U(Nf ), the
point m̂ = 0 is the distinguished point in parameter space where the full SU(Nf ) symmetry
is restored. The flavor-singlet mass m = m1 in (2.9) preserves the entire U(Nf ) flavor
symmetry, as we said. As long as k = 0, the massless point m = 0 is the distinguished point
in parameter space where time-reversal symmetry T (as well as the full flavor symmetry)
is restored. This ceases to hold when k 6= 0 and T is no longer a global symmetry for any
value of m. In this case the flavor-singlet mass m is additively renormalized by the Yang-
Mills-Chern-Simons interactions, and specifying the point in parameter space where m = 0
amounts to a choice of regularization scheme.7
We can say more in the large-N limit with fixed k and Nf (see section 2.1). Since
the breaking of time-reversal T by the Chern-Simons term k is subleading in the large-N
expansion, the additive renormalization ∆m of m due to this term scales as ∆m ∼ kΛ
N
.
The location of the origin m = 0 is therefore well defined to within this accuracy.
2.3. The Disk Diagram: Degenerate Vacua and Symmetry Breaking
Consider the gauge-invariant, hermitian meson operator
Mi
j =
1
N
ψiψ
j ,
(
Mi
j
)†
= Mj
i . (2.10)
Its transformation properties under the U(Nf ) flavor symmetry and time-reversal T are
the same as those of the mass parameters mi
j in (2.4), i.e. it transforms in the adjoint
representation of SU(Nf ) ⊂ U(Nf ), it is invariant under the central U(1)B ⊂ U(Nf ) baryon
number symmetry, and it is T-odd. As was the case there, it is convenient to introduce
an Nf × Nf hermitian matrix M = M†, whose entries are given by Mij. Whenever (a
subgroup of) U(Nf ) or T are global symmetries of the QCD3 Lagrangian (2.4), the meson
vacuum expectation value (vev) 〈M〉 is therefore an interesting order parameter for their
7 This is reminiscent of what happens in four-dimensional QCD with Nf = 1 fundamental Dirac flavor,
whose mass term also does not break any global symmetries of the massless theory. See for instance the
recent discussion in [54].
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spontaneous breaking. We begin by analyzing the massless theory, with m = 0, whose
Lagrangian preserves the entire U(Nf ) flavor symmetry. When k = 0, it also preserves
time reversal T.
We will follow the four-dimensional discussion of [53], as well as the work [64–66] in
three dimensions, to construct the effective potential V
(〈M〉) for the meson vev 〈M〉 at
low orders in the large-N expansion. As in these papers, we assume that 〈M〉 is the
correct order parameter to diagnose the spontaneous breaking of the global U(Nf ) or T
symmetries. Due to the transformation properties of the meson M under these symmetries,
its vev 〈M〉 can only account for certain symmetry-breaking patterns. In particular, M
is invariant under the U(1)B baryon number symmetry, and hence this symmetry will
necessarily always be unbroken in our analysis. It is possible to contemplate more general
order parameters and breaking patterns,8 but we will not do so here.
The construction of the effective potential V
(〈M〉) is standard. First we turn on
generic mass parameters mi
j in (2.4), which act as sources for the meson operators (2.10),
L ⊃ −mijψjψi = −NmijMj i = −N tr (m M) . (2.11)
Here tr denotes a trace over the flavor indices i, j = 1, . . . , Nf . The mass term (2.11) com-
pletely breaks any vacuum degeneracy that can be detected by the order parameter 〈M〉.
In line with the discussion between (2.10) and (2.11) above, we will assume that this is the
only source of vacuum degeneracy.
We now compute the partition function Z(m) as a function of the mass matrix m. In
Lorentzian signature, we can express Z(m) = exp (i V3W (m)), where V3 is the spacetime
volume (which appears because the sources in (2.11) are translationally invariant) and
the function W (m) only receives contributions from connected correlation functions of the
meson operator M. Note that W (m) has mass-dimension three. It follows from (2.11) that
N〈M〉 = −∂W (m)
∂m
. (2.12)
8 For instance, four-dimensional SU(2) gauge theory with two Weyl fermions λi=1,2α in the adjoint repre-
sentation of the gauge group has a continuous SU(2) flavor symmetry acting on the doublet index i, and a
discrete Z8 flavor symmetry which acts on λ
i by eighth roots of unity. Standard chiral symmetry breaking
by a fermion bilinear λ(iλj) spontaneously breaks SU(2) → U(1) and Z8 → Z4, see for instance [67] and
references therein. A more exotic possibility discussed in [68,67] is that the SU(2) flavor symmetry remains
unbroken, but the Z8 → Z4 breaking persists. This breaking pattern can be diagnosed using a four-fermion
order parameter λ(iλj)λ(iλj). Scenarios with unbroken Z8 symmetry are discussed in [67, 69]. Symmetry
breaking by four-fermion operators in four-dimensional QCD was discussed recently in [70].
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The diagrams that contribute to connected meson correlators (and hence W (m)) at
the lowest non-trivial order in the large-N expansion have the topology of a disk. Each
such disk diagram has a single fermion loop at the boundary, where all meson operators M
are inserted, while the interior is filled in by arbitrary planar gluon diagrams, see figure 3.
Figure 3: Disk diagram. The orange circles on the boundary represent the insertion of
meson operators.
These disk diagrams have several important properties:
1.) If all gluon vertices and propagators are of Yang-Mills type, the disk diagrams scale
like N in the large-N limit. As discussed in section 2.1, the insertion of any Chern-
Simons vertices or propagators leads to diagrams that are subleading in the large-N
expansion. At leading order we can therefore ignore the Chern-Simons level k.
2.) Since disk diagrams only involve a single fermion loop, they can only lead to single-
trace terms in W (m). The leading O(N) part of W (m) therefore schematically takes
the following form,
W (m)
∣∣
O(N) = NΛ
3
∞∑
n=1
cn
Λn
tr (mn) . (2.13)
Here Λ is the strong-coupling scale of the large-N theory, which was defined in (2.2),
and n runs over the number of meson operators M inserted at the boundary of the
disk diagram. Since the gauge interactions are flavor blind and we can effectively
set k = 0 at the level of the O(N) disk diagrams (see point 1.) above), the dimen-
sionless coefficients cn do not depend on N , Nf or k. The series expansion on the
right-hand side of (2.13) should not be taken literally, because W (m) is not analytic
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around the massless point. Rather, the main point of (2.13) is to emphasize the
single-trace nature of the diagrams contributing to W (m).
3.) Since the O(N) disk diagrams are insensitive to k (see point 1.) above), they are con-
strained by time-reversal symmetry T (see the discussion below (2.9)). Note that this
statement applies for all values of Nf , even though the quantization condition (2.6)
forbids theories with vanishing k and odd Nf . Since the mass and meson matrices m
and M are T-odd, we conclude that W (m)
∣∣
O(N) must be an even function of m,
W (−m)∣∣O(N) = W (m)∣∣O(N) . (2.14)
Therefore the sum over meson insertions in (2.13) can be restricted to even posi-
tive integers. More precisely, only even, single trace functions of the eigenvalues are
allowed.
Given W (m), the effective potential V
(〈M〉) is defined by a Legendre transform,
V
(〈M〉) = −W (m)−N tr (m M) . (2.15)
It follows from (2.12) that this effective potential is independent of m, but that it depends
on the meson vev 〈M〉 once we express m in terms of 〈M〉. At O(N) in the large-N
expansion, W (m) is equal to a sum (2.13) of single-trace terms ∼ N tr (mn) with even n.
Together with (2.12), this implies that the meson vev 〈M〉 is O(1) in the large-N limit. It
also implies that the O(N) contribution to the effective potential (2.15) can be written as
a sum over even single-trace terms involving the meson vev 〈M〉,
V (〈M〉) ∣∣O(N) = NΛ3 ∞∑
n
′
=2,4,6,...
c′n
Λ2n
tr (〈M〉n) . (2.16)
The dimensionless coefficients c′n do not depend on N , Nf or k. They can be determined
from the analogous coefficients cn in (2.13) via the Legendre transform (2.15).
In order to analyze the effective potential (2.16), it is convenient to use an SU(Nf )
transformation to diagonalize the hermitian meson vev,
〈M〉 = Λ2 diag
(
x1, . . . , xNf
)
, xi ∈ R , i = 1, · · · , Nf . (2.17)
Here the xi are the dimensionless eigenvalues of 〈M〉. Since both 〈M〉 and Λ are O(1) in
the large-N limit, the same is true of the xi. As was the case for the eigenvalues mi of
14
the mass matrix in (2.7), it is crucial that the meson eigenvalues xi can have either sign.
Substituting into (2.16), we find that the large-N effective potential has the form
V (xi)
∣∣
O(N) = NΛ
3
Nf∑
i=1
F (xi) . (2.18)
Here F (x) is the following even function of x,
F (x) =
∞∑
n
′
=2,4,6,...
c′n x
n = F (−x) . (2.19)
Note that the different eigenvalues xi in (2.18) are all independent and do not interact with
each other. This is an immediate consequence of the single-trace structure of the effective
potential (2.16).
Figure 4: The main assumption of this paper is that the function F (x) that determines
the O(N) effective potential for the eigenvalues of the meson one-point function 〈M〉 is
minimized away from the origin, and hence takes the form of a symmetry-breaking Ising-like
potential. We rescale x so that the minima of F (x) are located at x = ±1.
In the absence of accidental degeneracies that are unrelated to spontaneous symmetry
breaking, there are only two possibilities for the minima of the function F (x) in (2.19):
a) F (x) has a unique minimum at x = 0. In this case the effective potential (2.18) is
minimized at 〈M〉 = 0 and there is no spontaneous symmetry breaking. A plausible
scenario is that in this case the theory flows to a CFT in the deep IR.
b) F (x) has a pair of degenerate minima away from the origin. It therefore takes the
form of an Ising-like potential in the symmetry-breaking phase, as depicted in figure 4.
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In this case the effective potential (2.18) is necessarily minimized at 〈M〉 6= 0, which
leads to spontaneous symmetry breaking in QCD3. By rescaling the meson M, and
hence its eigenvalues xi in (2.17), we are free to place the minima of F (x) at x = ±1.
There is a reasonable amount of evidence in favor of option b) above, see for instance [71,72]
and references therein. For the remainder of this paper, we will assume that option b) is
indeed realized. All of our conclusions below will follow from (and therefore hinge on) this
key assumption.
It is now straightforward to determine the vacuum structure at leading order in the
large-N expansion. This can be done in two steps:
1.) Find the number of inequivalent ways to minimize the O(N) effective potential (2.18).
Here the equivalence classes consist of configurations of the xi that are related by
an SU(Nf ) transformation.
2.) Within each equivalence class, determine the pattern of spontaneous SU(Nf ) break-
ing. The resulting manifold of NG bosons determines the vacua within each equiv-
alence class, which are related by the spontaneously broken part of the SU(Nf )
symmetry.
In order to carry out step 1.), it is convenient to use the remaining SU(Nf ) Weyl trans-
formations to order the meson eigenvalues xi in ascending order,
x1 ≤ x2 ≤ · · · ≤ xNf . (2.20)
Since the function F (x) that determines the O(N) effective potential (2.18) is minimized
at x = ±1, every meson eigenvalue xi can reside at either minimum. Taking into account
the ordering (2.20), we therefore find Nf + 1 equivalence classes of vacua. We choose to
label these equivalence classes by the number p ∈ {0, 1, . . . , Nf} of eigenvalues that reside
in the x = −1 vacuum,
x1 = · · · = xp = −1 , xp+1 = · · · = xNf = 1 . (2.21)
We can now carry out step 2.) described above. The eigenvalue configuration (2.21)
spontaneously breaks the U(Nf ) flavor symmetry as follows,
U(Nf ) → U(p)× U(Nf − p) , p ∈ {0, 1, . . . , Nf} . (2.22)
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As was already explained above (2.11), the central U(1)B ⊂ U(Nf ) baryon number symme-
try necessarily remains unbroken. The NG manifold resulting from (2.22), which determines
the vacua in the equivalence class labeled by p, is therefore a complex Grassmannian,
Gr(p,Nf ) =
U(Nf )
U(p)× U(Nf − p)
, p ∈ {0, 1, . . . , Nf} . (2.23)
Let us summarize the picture for the vacuum structure that we have assembled so
far, which holds at leading O(N) order in the large-N expansion. As we have emphasized
above, this picture does not depend on the Chern-Simons level k:
• There are Nf + 1 degenerate superselection sectors, labeled by an integer
p ∈ {0, 1, . . . , Nf}, which are not related by the U(Nf ) flavor symmetry.
• Within each superselection sector, the U(Nf ) flavor symmetry is spontaneously broken
as in (2.22), leading to the Grassmannian NG manifold Gr(p,Nf ) in (2.23).
• Since the leading-order effective potential scales like N , it follows that vacua in two
distinct superselection sectors are separated by an energy barrier of order N . This
simple observation will have important consequences below.
The possibility of degenerate superselection sectors in the large-N limit was also noted
in [64–66,72].
We would like to comment on the behavior of the superselection sectors described
above under the action of time reversal T, which is a symmetry of the massless QCD3
Lagrangian (2.4) when k = 0 and Nf is even (see (2.6)). Since the meson M, and hence its
eigenvalues xi, are T-odd, it follows from (2.21) that time reversal exchanges the superse-
lection sectors p ↔ Nf −p. There are therefore Nf2 pairs of superselection sectors that are
exchanged by the spontaneously-broken T-symmetry. The only exception is the superselec-
tion sector labeled by p =
Nf
2
, which maps to itself under time-reversal symmetry. The NG
manifold in this sector is given by Gr
(
Nf
2
, Nf
)
=
U(Nf )
U
(
Nf
2
)
×U
(
Nf
2
) . The two U (Nf
2
)
factors,
which correspond to the
Nf
2
negative and the
Nf
2
positive eigenvalues of 〈M〉, are exchanged
by T. This exchange, which ruins the ordering of the eigenvalues in (2.20), can be undone
by a Weyl transformation F ∈ SU(Nf ). Therefore both T and F are spontaneously broken
in the p =
Nf
2
sector, but their product TF is preserved. Note that the existence of the
superselection sectors with p 6= Nf
2
is superficially in tension with the work of [73,74], where
the authors argued for the symmetry-breaking pattern U(Nf ) → U
(
Nf
2
)
×U
(
Nf
2
)
. This
will be further discussed in sections 2.4 and 3.1 below.
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Another important aside concerns anomaly matching. The massless k = 0 theory has
a nonabelian parity anomaly, i.e. a mixed T-SU(Nf ) ’t Hooft anomaly, as long as N is
odd [1,2]. It has been argued that this anomaly can only be matched by gapless degrees of
freedom, not a TQFT [75,76]. This is nicely consistent with the fact that our T-invariant
phase has massless NG bosons.
2.4. Mass Deformations
Let us turn on quark masses mi
j in the QCD3 Lagrangian (2.4). As long as these
masses are small compared to the strong-coupling scale Λ, we can analyze their effect by
minimizing the leading-order contribution of the mass term (2.11) to the effective potential,
∆V
(〈M〉) = N tr (m 〈M〉) , (2.24)
over the minima of the effective potential V (〈M〉) of the massless theory in (2.16). As
discussed around (2.21), these minima are described by hermitian matrices 〈M〉 whose
eigenvalues are ±1, or equivalently hermitian matrices 〈M〉 that satisfy 〈M〉2 = 1.
In order to implement the constraint 〈M〉2 = 1, we use a Lagrange multiplier L, which
is itself a hermitian Nf ×Nf matrix. Our task is then to minimize the following function,
tr
(
m 〈M〉+ L (〈M〉2 − 1) ) . (2.25)
Extremizing with respect to 〈M〉 leads to
m + 〈M〉L + L 〈M〉 = 0 . (2.26)
If we multiply this equation by 〈M〉 from the left and the right, subtract the two resulting
equations, and simplify using 〈M〉2 = 1, we conclude that
[m , 〈M〉] = 0 . (2.27)
This vacuum alignment condition states that meson vev 〈M〉 and the mass perturbation m
can be simultaneously diagonalized using a single SU(Nf ) transformation. We will there-
fore diagonalize m as in (2.7) and 〈M〉 as in (2.17). Substituting the eigenvalues mi, xi
into (2.24), we find that
∆V = NΛ2
Nf∑
i=1
mixi . (2.28)
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We must minimize (2.28) over all possible configurations xi = ±1 of the meson eigen-
values. If some of the mi vanish, the corresponding xi can take either value. As above,
this leads to multiple degenerate vacua. Let us instead assume that all mi 6= 0, so that
the degeneracy between the Nf + 1 superselection sectors is lifted. As in (2.8), we can
order the mi in descending order and define an integer p to be the number of positive mass
eigenvalues,
m1 ≥ m2 ≥ · · ·mp > 0 > mp+1 ≥ . . .mNf , p ∈ {0, 1, . . . , Nf} . (2.29)
The mass deformation (2.28) is then minimized by the configuration of meson eigenvalues
in (2.21), which we repeat here,
x1 = · · · = xp = −1 , xp+1 = · · · xNf = 1 . (2.30)
The configuration of mass eigenvalues in (2.29) therefore singles out precisely one su-
perselection sector, labeled by p, from among the Nf + 1 degenerate sectors described
around (2.22) and (2.23). Moreover the mass deformation selects a unique vacuum on the
Grassmannian target space Gr(p,Nf ).
If we dial any mass parameter mi from negative to positive values, the corresponding
meson eigenvalue xi jumps from xi = +1 to xi = −1. At the massless point mi = 0, the
two vacua are exactly degenerate. These transitions are therefore first order. Recall from
the discussion at the end of section 2.2 that the point mi = 0 is well defined for all mass
eigenvalues, and in particular for their sum
∑
imi, as long as k = 0 (so that the theory is
invariant under time reversal T) or as long as we are working to leading non-trivial order
in the large-N expansion.
We would like to clarify the relation of the results obtained above, which hold at
leading order in the large-N limit, to the work of [73,74]. These authors considered mass-
less QCD3 with k = 0 and even Nf , and they argued in favor of the symmetry breaking
pattern U(Nf ) → U
(
Nf
2
)
×U
(
Nf
2
)
. In particular, they argued that the U
(
Nf
2
)
×U
(
Nf
2
)
subgroup of the flavor symmetry is necessarily unbroken. Among the Nf + 1 degenerate
superselection sectors we described around (2.22) and (2.23), only the superselection sector
labeled by p =
Nf
2
has his property.
The two pictures are reconciled by recalling that the arguments in [73, 74] involve
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turning on time-reversal invariant fermion masses,9
m1 = · · · = mNf
2
= m , mNf
2
+1
= · · · = mNf = −m , (2.31)
and taking the limit m → 0+. The authors of [73, 74] showed that the U
(
Nf
2
)
× U
(
Nf
2
)
flavor symmetry preserved by the mass parameters (2.31) must remain unbroken in the
massless limit. This is entirely consistent with our discussion above: the mass parameters
in (2.31) correspond to p =
Nf
2
in (2.29). In the massless limit, we therefore recover
the superselection sector labeled by this value of p, which exhibits the symmetry-breaking
pattern derived in [73,74].
However, the existence of a unique U
(
Nf
2
)
× U
(
Nf
2
)
-preserving vacuum at non-
vanishing m that can be tracked to m = 0 does not exclude the possibility of additional
vacua, with potentially different symmetry-breaking patterns, in the massless theory. For
small non-zero m, the additional vacua of the massless theory become low-lying metastable
states. The possibility of accidental vacuum degeneracies, beyond the degeneracies ex-
pected from a particular pattern of spontaneous symmetry breaking, was noted in [73,74],
but deemed unlikely. Here we see that this scenario is in fact realized in QCD3, if we work
at leading order in the large-N expansion. In section 3.1 we will argue that these acci-
dental degeneracies are lifted at the next-to-leading order, in accordance with the general
expectations laid out in [73,74].
2.5. The Low-Energy Theories in the Different Vacua
In section (2.3) we analyzed the effective potential for the meson operator M in mass-
less QCD3 at leading order in the large-N expansion.
10 We found Nf + 1 superselection
sectors labeled by p ∈ {0, 1, . . . , Nf}. In each sector, the U(Nf ) flavor symmetry is spon-
taneously broken to U(p)× U(Nf − p), as in (2.22). The corresponding low-energy theory
therefore necessarily contains massless NG bosons described by a non-linear sigma model,
whose target space is the Grassmannian manifold Gr(p,Nf ) =
U(Nf )
U(p)×U(Nf−p) in (2.23). In
this subsection we will describe the low-energy effective theories in the various superselec-
tion sectors in more detail. Most importantly, we will argue that effective theory not only
contains massless NG bosons, but also a non-trivial Chern-Simons TQFT.
9 The time-reversal operation preserving these masses is not T, but rather what we called TF at the end
of section 2.3.
10 Recall from the discussion at the end of section 2.2 that the massless point is well-defined at leading
order in the large-N limit, even though the flavor-singlet mass (2.9) is additively renormalized when k 6= 0.
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Let us first make some comments about the effective action for the NG bosons (here
we follow [7, 77]; see [78] for general aspects of nonlinear sigma model effective actions in
three dimensions):
• The Ka¨hler form ω of each Gr(p,Nf ) target space (pulled back to spacetime) gives rise
to an unbroken, topological U(1) flavor current ?ω. There are skyrmion particles that
wrap the non-trivial 2-cycle in Gr(p,Nf ) (recall that H
2(Gr(p,Nf ),Z) = Z) and are
therefore charged under the U(1) flavor symmetry corresponding to the current ?ω.
• As is familiar from four dimensions [79, 80], the skyrmion particles described above
can be identified with the baryons of QCD3, and the topological U(1) flavor symmetry
can be identified with the U(1)B baryon number (see also [64–66]). This requires the
inclusion of a suitable Wess-Zumino term, with quantized coefficient N (see [7,77] for
a detailed recent discussion). Among other things, this term ensures that the baryons
obey the correct statistics, i.e. they are fermions when N is odd and bosons when N
is even. The Wess-Zumino term also breaks several accidental global symmetries of
the low-energy NG effective theory that are not symmetries of QCD3.
• The pion decay constant f 2pi , which determines the overall size of the Grassmannian
target manifold, scales like f 2pi ∼ NΛ in the large-N limit. The N -scaling follows
from the fact that f 2pi can be extracted from two-point functions of the spontaneously
broken flavor currents, which are bilinear in the quarks. Together with the Wess-
Zumino term, which is also proportional to N , the entire low-energy Lagrangian
scales like N in the large-N limit. As in four dimensions, this renders the NG
effective theory semi-classical in the large-N limit.
We will now argue that the NG effective actions discussed above must generically be
supplemented by a non-trivial, decoupled Chern-Simons TQFT. To this end, we revisit the
mass deformations analyzed in section (2.4) above. If we choose the mass eigenvalues mi
as in (2.29), so that p of them are positive, while the other Nf − p are negative, the
degeneracy between the different superselection sectors is broken, and the sector labeled
by p is singled out as the true vacuum sector. The mass term induces a potential on
the Grassmannian NG target space Gr(p,Nf ), which leads to a unique, gapped vacuum.
This analysis is valid as long as |mi|  Λ. If we increase the masses beyond this regime,
we may in principle encounter one or several phase transition before we reach the semi-
classical asymptotic regime where |mi|  Λ. Once we reach this regime, we can reliably
integrate out the massive fermions. The fact that p of them have positive masses, while
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the other Nf − p have negative masses, implies that the large-mass asymptotic phase is
described by an SU(N) Chern-Simons theory with a shifted level,
k −→ k + p− Nf
2
. (2.32)
In the absence of any evidence to the contrary, we make the minimal assumption that
the phases at |mi|  Λ and |mi|  Λ are smoothly connected, i.e. we assume that there are
no phase transitions as we dial the mi from small to large values, as long as no eigenvalue
passes through zero. It then follows that the NG sigma model in each superselection
sector, with target space Gr(p,Nf ), is accompanied by a Chern-Simons TQFT with gauge
group SU(N) and a shifted level (2.32). We will therefore schematically indicate the low-
energy degrees of freedom in each superselection sector as follows,
Gr
(
p,Nf
)⊗ SU(N)
k+p−Nf
2
, p ∈ {0, 1, . . . , Nf} . (2.33)
The different superselection sectors of massless large-N QCD3, and their respective low-
energy degrees of freedom, are summarized in figure 5.
,
<latexit sha1_base64="q6zCDYXs2BSzlDW6xbJ7xw9qA5E= ">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuCh LBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ys ktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdET VDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3N4sjDCZzCOXhwDV W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3RXjLQ=</latexit>
m = 0
<latexit sha1_base64="DiiVziiyFYEQKuQXMDqjjsU9WgM=">A AAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBdMW2lA22027dHcTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfju ltfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3czv/NElWaxfDRZQgOBR5JFjGBjJV+gG+QOqjW37s6BVolX kBoUaA2qX/1hTFJBpSEca93z3MQEOVaGEU6nlX6qaYLJBI9oz1KJBdVBPj92is6sMkRRrGxJg+bq74kcC60zEdpOgc1YL3sz8T+vl5roOs iZTFJDJVksilKOTIxmn6MhU5QYnlmCiWL2VkTGWGFibD4VG4K3/PIqaTfq3kW98XBZa94WcZThBE7hHDy4gibcQwt8IMDgGV7hzZHOi/P ufCxaS04xcwx/4Hz+AHN3jco=</latexit>
SU(N
)
k 
Nf
2
<latexit sha1_bas e64="fCc71GJxoYQuxePs79BzRbNryaU= ">AAACAnicbVDNSsNAGNzUv1r/op7Ey2 IR6sGSVEGPRS+eSkXTFtoQNttNu3SzCbs boYTgxVfx4kERrz6FN9/GbZuDtg4sDDPz 8e03fsyoVJb1bRSWlldW14rrpY3Nre0d c3evJaNEYOLgiEWi4yNJGOXEUVQx0okFQ aHPSNsfXU/89gMRkkb8Xo1j4oZowGlAMV Ja8syDO6fSOPHSETyFacMLYC/ScVjLMs 8sW1VrCrhI7JyUQY6mZ371+hFOQsIVZkj Krm3Fyk2RUBQzkpV6iSQxwiM0IF1NOQqJ dNPpCRk81kofBpHQjys4VX9PpCiUchz6 OhkiNZTz3kT8z+smKrh0U8rjRBGOZ4uCh EEVwUkfsE8FwYqNNUFYUP1XiIdIIKx0ay Vdgj1/8iJp1ar2WbV2e16uX+V1FMEhOA IVYIMLUAc3oAkcgMEjeAav4M14Ml6Md+N jFi0Y+cw++APj8weuI5W0</latexit>
· · ·<latexit sha1_base64="9pGPaDabNijkWLtd2pluvCo4p5o=">A AAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncL a+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nF cjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYT LNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3P hatBSefOYY/cD5/AK+ljzM=</latexit>· · ·<latexit sha1_base64="9pGPa DabNijkWLtd2pluvCo4p5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69 BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jt s1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyp pUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8ph TglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGE aORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJj Bknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2B JCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MM V1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AK+ljzM=</la texit>
SU(N
)
k 
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2
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<latexit sha1_ba se64="OFN1GVXLthS0200GNtLiF1H5 NNE=">AAACBnicbVDNSsNAGNzUv1r/ oh5FWCxCRSxJFfRY9OKpVDRtoQ1hs9 3UpZtN2N0IJeTkxVfx4kERrz6DN9/G bZuDtg4sDDPz8e03fsyoVJb1bRQWFp eWV4qrpbX1jc0tc3unJaNEYOLgiEWi 4yNJGOXEUVQx0okFQaHPSNsfXo399g MRkkb8To1i4oZowGlAMVJa8sz9W6fS OPLSITyBacMLYC/ScVjL4DG0M88sW1 VrAjhP7JyUQY6mZ371+hFOQsIVZkjK rm3Fyk2RUBQzkpV6iSQxwkM0IF1NOQ qJdNPJGRk81EofBpHQjys4UX9PpCiU chT6OhkidS9nvbH4n9dNVHDhppTHiS IcTxcFCYMqguNOYJ8KghUbaYKwoPqv EN8jgbDSzZV0CfbsyfOkVavap9XazV m5fpnXUQR74ABUgA3OQR1cgyZwAAaP 4Bm8gjfjyXgx3o2PabRg5DO74A+Mzx 9PM5Z4</latexit> ⌦
<latexit sha1_b ase64="ovRNf7q3nyBJSILjhaQ8/ mRQUgg=">AAAB7nicbVDLSgNBEOz 1GeMr6tHLYBA8hd0o6DHoxWME84B kCbOT2WTI7Mwy0yuEkI/w4kERr36 PN//GSbIHTSxoKKq66e6KUiks+v63 t7a+sbm1Xdgp7u7tHxyWjo6bVmeG 8QbTUpt2RC2XQvEGCpS8nRpOk0jy VjS6m/mtJ26s0OoRxykPEzpQIhaM opNaXY0i4bZXKvsVfw6ySoKclCFH vVf66vY1yxKukElqbSfwUwwn1KBg kk+L3czylLIRHfCOo4q6JeFkfu6Un DulT2JtXCkkc/X3xIQm1o6TyHUmF Id22ZuJ/3mdDOObcCJUmiFXbLEoz iRBTWa/k74wnKEcO0KZEe5WwobUU IYuoaILIVh+eZU0q5XgslJ9uCrXb vM4CnAKZ3ABAVxDDe6hDg1gMIJneI U3L/VevHfvY9G65uUzJ/AH3ucPhz mPsQ==</latexit>
U(
Nf
)
U(
1)
⇥ U
(Nf
  1)
<latexit sha1_base64= "AQ2VEHgMESIoH227yXeMFw2RAE4=">AAACCnicb VDNSgMxGMz6W+vfqkcv0SK0B8tuFfRY9OJJKrhtoV 2WbJptQ7PJkmSFsvTsxVfx4kERrz6BN9/GtN2Dtg 4Ehpn5+PJNmDCqtON8W0vLK6tr64WN4ubW9s6uvb ffVCKVmHhYMCHbIVKEUU48TTUj7UQSFIeMtMLh9cR vPRCpqOD3epQQP0Z9TiOKkTZSYB955dsgqsCuMCn olV1DNY2JglPj1K0EdsmpOlPAReLmpARyNAL7q9sT OI0J15ghpTquk2g/Q1JTzMi42E0VSRAeoj7pGMqR 2eZn01PG8MQoPRgJaR7XcKr+nshQrNQoDk0yRnqg5 r2J+J/XSXV06WeUJ6kmHM8WRSmDWsBJL7BHJcGaj QxBWFLzV4gHSCKsTXtFU4I7f/Iiadaq7lm1dndeql /ldRTAITgGZeCCC1AHN6ABPIDBI3gGr+DNerJerH frYxZdsvKZA/AH1ucProCXtg==</latexit>
(p = 0)
<latexit sha1_base64="6j3LAxzJia9DGrP iYs20VokOubw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFL14rGA/oF1KNs22o dlsSLJCWfojvHhQxKu/x5v/xmy7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK 3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLnL/M4TVZrF4tFMJfUjPBIsZAQbK3WqEt0g93x Qrrg1dw60SrycVCBHc1D+6g9jkkRUGMKx1j3PlcZPsTKMcDor9RNNJSYTPKI9SwWOqPbT+bk zdGaVIQpjZUsYNFd/T6Q40noaBbYzwmasl71M/M/rJSa89lMmZGKoIItFYcKRiVH2OxoyRYnh U0swUczeisgYK0yMTahkQ/CWX14l7XrNu6jVHy4rjds8jiKcwClUwYMraMA9NKEFBCbwDK/w 5kjnxXl3PhatBSefOYY/cD5/AD7JjjI=</latexit>
(p =
1)
<latexit sha1_base64="tJQ3ZK8spq07V AhOiIb7euAvUwo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFL14rGA/oF1K Ns22odlsSLJCWfojvHhQxKu/x5v/xmy7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7 t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLnL/M4TVZrF4tFMJfUjPBIsZ AQbK3WqEt0g73xQrrg1dw60SrycVCBHc1D+6g9jkkRUGMKx1j3PlcZPsTKMcDor9RNNJS YTPKI9SwWOqPbT+bkzdGaVIQpjZUsYNFd/T6Q40noaBbYzwmasl71M/M/rJSa89lMmZGK oIItFYcKRiVH2OxoyRYnhU0swUczeisgYK0yMTahkQ/CWX14l7XrNu6jVHy4rjds8jiKc wClUwYMraMA9NKEFBCbwDK/w5kjnxXl3PhatBSefOYY/cD5/AEBOjjM=</latexit>
SU(N)k 1
<latexit sha1_base64="rzVPn MKmOs3xaz7ROg4e4stqbdY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69 BItQD5akCnosevEkFU1bSEPZbDft0s1u2N0IJfRnePGgiFd/jTf/j ds2B219MPB4b4aZeWHCqNKO820VVlbX1jeKm6Wt7Z3dvfL+QUuJVG LiYcGE7IRIEUY58TTVjHQSSVAcMtIORzdTv/1EpKKCP+pxQoIYDTi NKEbaSP6DV7077WWjM3fSK1ecmjODvUzcnFQgR7NX/ur2BU5jwjVm SCnfdRIdZEhqihmZlLqpIgnCIzQgvqEcxUQF2ezkiX1ilL4dCWmKa 3um/p7IUKzUOA5NZ4z0UC16U/E/z091dBVklCepJhzPF0Ups7Wwp/ /bfSoJ1mxsCMKSmlttPEQSYW1SKpkQ3MWXl0mrXnPPa/X7i0rjOo+ jCEdwDFVw4RIacAtN8ACDgGd4hTdLWy/Wu/Uxby1Y+cwh/IH1+QPb hZBT</latexit>
⌦
<latexit sha1_base64="ovRNf 7q3nyBJSILjhaQ8/mRQUgg=">AAAB7nicbVDLSgNBEOz1GeMr6tHL YBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GS bIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8Q bTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIha MopNaXY0i4bZXKvsVfw6ySoKclCFHvVf66vY1yxKukElqbSfwUwwn 1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1 o6TyHUmFId22ZuJ/3mdDOObcCJUmiFXbLEoziRBTWa/k74wnKEcO0 KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVx DDe6hDg1gMIJneIU3L/VevHfvY9G65uUzJ/AH3ucPhzmPsQ==</la texit>
U(Nf )
U
⇣
Nf
2 + 1
⌘
⇥ U
⇣
Nf
2   1
⌘
<latexit sha1_base64="1o+XOuFHBu3qKv72TMqVQMC poCE=">AAACPXicbVA9SwNBFNyLXzF+nVraLAYhIoa7KGgZtLGSCLkkkAthb7OXLNn7YPedEI78MRv/g52djYUitr Zukis0ycDCMDOPfW+8WHAFlvVq5FZW19Y38puFre2d3T1z/6ChokRS5tBIRLLlEcUED5kDHARrxZKRwBOs6Q1vJ3 7zkUnFo7AOo5h1AtIPuc8pAS11zXrqlO67/il2Ix3DjiuYD6VUS5lSGeMzG7uS9wegU8ADppbHzu0sNe6aRatsTYE XiZ2RIspQ65ovbi+iScBCoIIo1batGDopkcCpYOOCmygWEzokfdbWNCR6iU46vX6MT7TSw34k9QsBT9W/EykJlBoF nk4GBAZq3puIy7x2Av51J+VhnAAL6ewjPxEYIjypEve4ZBTESBNCJde7YjogklDQhRd0Cfb8yYukUSnbF+XKw2Wx epPVkUdH6BiVkI2uUBXdoRpyEEVP6A19oE/j2Xg3vozvWTRnZDOH6B+Mn19NP6xQ</latexit>
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p =
Nf
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<latexit sha1_base64="G0F/OsXk4JV/6Wq6iP1K+LgEa2U=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWpgm6EohtXUsE +oAlhMp20QycPZm6EErpz46+4caGIW3/BnX/jtM1CWw8MHM45lzv3+IngCizr2ygsLa+srhXXSxubW9s75u5eS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eD3x2w9MKh5H9zBKmBuSfsQDTgloyTMPHcECqCT4Eme3XoCdWKdxbexI3h/AiWeWrao1BV4kdk7K KEfDM7+cXkzTkEVABVGqa1sJuBmRwKlg45KTKpYQOiR91tU0IiFTbja9Y4yPtdLDQSz1iwBP1d8TGQmVGoW+ToYEBmrem4j/ed0Uggs341GSAovobFGQCgwxnpSCe1wyCmKkCaGS679iOiCSUNDVlXQJ9vzJi6RVq9qn1drdWbl+lddRRAfoCFWQjc5RHd2gBmoiih 7RM3pFb8aT8WK8Gx+zaMHIZ/bRHxifPxggmC8=</latexit>
✓
p =
Nf
2
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<latexit sha1_base64="baczmbXGc8Ax5ac0qz/XUdhDciQ="> AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhWE3CtoIQRsriWAekF2W2clsMmT2wcxdISxpbfwVGwtFbP0DO//GSbKFJh4YOJxzLnfu8RP BFVjWt1FYWl5ZXSuulzY2t7Z3zN29lopTSVmTxiKWHZ8oJnjEmsBBsE4iGQl9wdr+8Hritx+YVDyO7mGUMDck/YgHnBLQkmdiR7AAKgm +xNmtF2An1mlcG5/YjuT9ARx7ZtmqWlPgRWLnpIxyNDzzy+nFNA1ZBFQQpbq2lYCbEQmcCjYuOaliCaFD0mddTSMSMuVm00vG+EgrPR zEUr8I8FT9PZGRUKlR6OtkSGCg5r2J+J/XTSG4cDMeJSmwiM4WBanAEONJLbjHJaMgRpoQKrn+K6YDIgkFXV5Jl2DPn7xIWrWqfVqt3 Z2V61d5HUV0gA5RBdnoHNXRDWqgJqLoET2jV/RmPBkvxrvxMYsWjHxmH/2B8fkDA0SYoQ==</latexit>
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<latexit sha1_base64="PcaK9R+Qc5oVq9hy20toT6+Tj+A=">A AAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkrSCnosevEkFU1baEPZbDftks0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMPD/hTGnb/rY Ka+sbm1vF7dLO7t7+QfnwqK3iVBLqkpjHsutjRTkT1NVMc9pNJMWRz2nHD29mfueJSsVi8agnCfUiPBIsYARrI3Ue3Ord+SAclCt2zZ4Dr RInJxXI0RqUv/rDmKQRFZpwrFTPsRPtZVhqRjidlvqpogkmIR7RnqECR1R52fzcKTozyhAFsTQlNJqrvycyHCk1iXzTGWE9VsveTPzP66U 6uPIyJpJUU0EWi4KUIx2j2e9oyCQlmk8MwUQycysiYywx0SahkgnBWX55lbTrNadRq99fVJrXeRxFOIFTqIIDl9CEW2iBCwRCeIZXeLMS6 8V6tz4WrQUrnzmGP7A+fwA2847V</latexit>
⌦
<latexit sha1_base64="ovRNf7q3nyBJSILjhaQ8/mRQUgg=">A AAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a +sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIhaMopNaXY0i4bZXKvsVfw6ySoKcl CFHvVf66vY1yxKukElqbSfwUwwn1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOObcCJ UmiFXbLEoziRBTWa/k74wnKEcO0KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVxDDe6hDg1gMIJneIU3L/VevHfvY 9G65uUzJ/AH3ucPhzmPsQ==</latexit>
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<latexit sha1_base64="kz/ngg9JQCIBFUp3EELbRcZZAw8=">AAACN3icdVDLSsNAFJ3UV62vqks3g0W om5JUQZdFN65KBdMWmhIm00k7dPJg5kYoIX/lxt9wpxsXirj1D5y2WWirBwYO55zL3Hu8WHAFpvlsFFZW19Y3ipulre2d3b3y/kFbRYmkzKaRiGTXI4oJHjIbOAjWjSUjgSdYxxtfT/3OPZOKR+EdTGLWD8gw5D6nBLTk lpupXW26/il2Ih3DtiOYD9VUS7lSzxzJhyPQCeABU9jG/2cyt1wxa+YMeJlYOamgHC23/OQMIpoELAQqiFI9y4yhnxIJnAqWlZxEsZjQMRmynqYh0Sv009ndGT7RygD7kdQvBDxTf06kJFBqEng6GRAYqUVvKv7l9RLw L/spD+MEWEjnH/mJwBDhaYl4wCWjICaaECq53hXTEZGEgq66pEuwFk9eJu16zTqr1W/PK42rvI4iOkLHqIosdIEa6Aa1kI0oekAv6A29G4/Gq/FhfM6jBSOfOUS/YHx9A2zcqxo=</latexit>
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<latexit sha1_base64="LW9oUw3E1BJTSOtaUyWTRk27L6s=">AAACO3icbVA9SwNBFNyLXzF+nVr aLAYhIoa7KGgZtLGSKF4SyIWwt9lLlux9sPtOCEf+l41/ws7GxkIRW3s3yQkaM7AwzMxj3xsvFlyBZT0buYXFpeWV/GphbX1jc8vc3qmrKJGUOTQSkWx6RDHBQ+YAB8GasWQk8ARreIPLsd+4Z1LxKLyDYcz aAemF3OeUgJY65m3qlK47/iF2Ix3DjiuYD6VUS5lSGR3bruS9PugM8IAp7OA5qaOf1KhjFq2yNQH+T+yMFFGGWsd8crsRTQIWAhVEqZZtxdBOiQROBRsV3ESxmNAB6bGWpiHRS7TTye0jfKCVLvYjqV8IeKL+ nkhJoNQw8HQyINBXs95YnOe1EvDP2ykP4wRYSKcf+YnAEOFxkbjLJaMghpoQKrneFdM+kYSCrrugS7BnT/5P6pWyfVKu3JwWqxdZHXm0h/ZRCdnoDFXRFaohB1H0gF7QG3o3Ho1X48P4nEZzRjazi/7A+PoG eUar/A==</latexit>
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<latexit sha1_base64="e4pq6mib1UbSQrCRKHMgWEDksy4=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWpg m6EohtXUsE+oAlhMp20QycPZm6EErp246+4caGIW7/AnX/jtM1CqwcGDuecy517/ERwBZb1ZRQWFpeWV4qrpbX1jc0tc3unpeJUUtaksYhlxyeKCR6xJnAQrJNIRkJfsLY/vJr47XsmFY+jOxglzA1JP+IBpwS05Jn7jmABVBJ8gbMbL8B OrNO4NsbHtiN5fwBHnlm2qtYU+C+xc1JGORqe+en0YpqGLAIqiFJd20rAzYgETgUbl5xUsYTQIemzrqYRCZlys+kpY3yolR4OYqlfBHiq/pzISKjUKPR1MiQwUPPeRPzP66YQnLsZj5IUWERni4JUYIjxpBfc45JRECNNCJVc/xXTAZGE gm6vpEuw50/+S1q1qn1Srd2eluuXeR1FtIcOUAXZ6AzV0TVqoCai6AE9oRf0ajwaz8ab8T6LFox8Zhf9gvHxDV6+mMk=</latexit>
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Figure 5: Degenerate superselection sectors of massless QCD3 in the N → ∞ limit. For
each sector we indicate the integer p appearing in (2.33), the low-energy Chern-Simons
TQFT, and the target space for the NG bosons (i.e. the flavor-symmetry breaking pattern).
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As in section 2.1, the presence of the Chern-Simons TQFTs in (2.33) has important
consequences, despite being formally subleading in the large-N expansion. Rather than a
fully confined theory with color-singlet NG bosons and baryons, we find deconfined topo-
logical gauge fields at long distances. The Wilson lines of the TQFT in the deep IR, which
descend from the Wilson lines of the QCD3 theory in the UV, must end on massive de-
grees of freedom that carry color charge. Intuitively, these are the quarks of QCD3, but
as we will see in section 4, in the large-N limit it is more appropriate to think of them
as dual quarks. (The fact that the IR Wilson lines should end on massive charges also
follows from the fact that the microscopic QCD3 theory does not have a 1-form global
symmetry.) Thanks to the Chern-Simons term, these deconfined quarks are anyons. Gold-
stone’s theorem implies that the NG particles are necessarily exactly stable, color-neutral,
spinless bosons. Hence they do not directly couple to the Chern-Simons gauge fields. By
contrast, baryons can fractionalize and decay into anyonic quarks. This decay process is
not captured by the low-energy effective theory described above, in which the NG sigma
model and the Chern-Simons gauge fields are completely decoupled. The decay process is
possible because the microscopic U(1)B baryon charge B receives contributions from both
the NG Lagrangian (via the skyrmion current ω) and from the low-energy TQFT. Since
the TQFT contribution is more naturally written using level-rank dual variables, we will
revisit this point in section 4, where we discuss duality.
3. Beyond Leading Order in the Large-N Expansion
In section 2 we analyzed the vacuum structure of massless QCD3 at O(N) in the large-
N limit. We found Nf+1 exactly degenerate superselection sectors with different symmetry-
breaking patterns, populated with NG bosons and Chern-Simons TQFTs. Turning on
generic mass eigenvalues mi singles out one of these superselection sectors, and within each
sector there is a single true vacuum, which may harbor a non-trivial TQFT. Dialing any mi
through zero leads to a first-order phase transition. By contrast, dialing the masses to
infinity smoothly connects with the asymptotic semi-classical regime, which can be reliably
analyzed by integrating out the heavy fermions. In particular, we do not encounter any
phase transitions at non-zero values of the mi. In this section we will explore how this
picture is modified at O(1), i.e. at the first subleading order, in the large-N expansion.
As we will see, the exact degeneracy between the different superselection sectors is lifted
at this order. Generically, only one superselection sector will remain, while the other Nf
sectors become metastable.
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3.1. The Annulus Diagram Without Chern-Simons Terms
When we analyzed the structure of the leading O(N) effective potential for the meson
vev 〈M〉 in section 2.3 using disk diagrams, there was no essential difference between
theories with or without Chern-Simons terms, because their effects are subleading in the
large-N limit. As explained below (2.3), this is because each insertion proportional to k
into a given diagram is suppressed by a factor of 1
N
. Similarly, it was explained at the end
of section 2.2 that the origin m = 0 of the flavor-singlet mass m = m1 in (2.9) is well-
defined in the large-N limit, but becomes ambiguous at the next-to-leading order. For these
reasons we will first analyze the O(1) corrections to the effective potential V (〈M〉) in QCD3
with vanishing Chern-Simons level, k = 0, and an even number Nf of flavors (in accord
with (2.6)). In this theory, the massless point m = 0 is the well-defined point in parameter
space where time-reversal symmetry T is restored. We begin by analyzing V (〈M〉) in this
massless, T-invariant theory. The effects of allowing for a non-zero Chern-Simons level k
will be discussed in section 3.3 below.
The O(N) effective potential in section 2.3 was constructed by summing disk diagrams,
with a single fermion loop on the edge of the disk. This gave rise to the single-trace
structure in (2.16), and (after following (2.17) and diagonalizing the meson vev, 〈M〉 =
Λ2diag
(
x1, . . . , xNf
)
with xi ∈ R) the effective potential in (2.18), with no interactions
between the different meson eigenvalues xi,
V (xi)
∣∣
O(N) = NΛ
3
Nf∑
i=1
F (xi) , F (−x) = F (x) . (3.1)
The fact that F (x) is an even function follows from the time-reversal symmetry T of
the k = 0 theory, which acts via T (M) = −M, and hence T(xi) = −xi for all eigenvalues xi.
If we wish to include next-to-leading order corrections, which scale like O(1) in the
large-N limit, we must sum over annulus diagrams, with a pair of fermion loops at the
boundaries of the annulus, and insertions of the meson operator M along these boundaries,
see figure 6. The interior of the annulus is filled in with arbitrary planar gluon diagrams.
Each such diagram leads to a double-trace contribution of the form tr
(〈M〉n) tr (〈M〉n′)
to the effective potential, and time reversal symmetry T requires that n + n′ ∈ 2Z. Such
double-trace terms lead to pairwise interactions of the meson eigenvalues xi,
V (xi)
∣∣
O(1) = Λ
3
Nf∑
i,j=1
G
(
xi, xj
)
, G (−x,−y) = G (x, y) , (3.2)
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where the condition G (−x,−y) = G (x, y) follows from T-invariance.
Figure 6: Annulus diagram. The orange circles on the boundary represent the insertion of
meson operators.
Since we will not explore higher orders in the large-N expansion, it is sufficient to
restrict the O(1) annulus potential in (3.2) to the minima of the O(N) disk potential
in (3.1), which lie at the points xi = ±1. Given this restriction, we can rewrite (3.2) in
terms of the quantity ∆ = 1
2
(G(1, 1)−G(1,−1)) as follows,
V (xi)
∣∣
O(1) = Λ
3∆
Nf∑
i,j=1
xixj . (3.3)
Here we have dropped an immaterial constant, which does not depend on the xi. We
will now argue that ∆ > 0, so that the O(1) effective potential leads to antiferromagnetic
(i.e. repulsive) interactions between eigenvalue pairs.
To see this, we analyze the effect of the O(1) potential (3.3) on the Nf + 1 degenerate
superselection sectors of vacua that are present at O(N) for either sign of ∆:
a) If ∆ < 0, the superselection sectors of lowest energy maximize the number of aligned
eigenvalue pairs. This happens when p = 0, so that all xi = 1, or when p = Nf , so
that all xi = −1. In either case the U(Nf ) flavor symmetry is unbroken, but time-
reversal symmetry T is spontaneously broken. Therefore the superselection sectors
with p = 0 and p = Nf , which are exchanged by T, remain exactly degenerate.
b) If ∆ > 0, the superselection sector of lowest energy maximizes the number of anti-
aligned eigenvalue pairs. This happens when p =
Nf
2
, so that
Nf
2
eigenvalues are
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at xi = 1, while the other
Nf
2
eigenvalues are at xi = −1, leading to the symmetry-
breaking pattern U(Nf ) → U
(
Nf
2
)
×U
(
Nf
2
)
. Time-reversal symmetry T maps this
superselection sector to itself.
As we reviewed around (2.31), it was shown in [73, 74] that massless QCD3 with k = 0
and even Nf necessarily contains a U
(
Nf
2
)
×U
(
Nf
2
)
-preserving superselection sector that
maps to itself under T. (This superselection sector can be identified by turning on suitably
symmetric mass terms and taking the zero-mass limit.) This is only consistent with the
preceding discussion if option b) above is realized, i.e. if ∆ > 0.
A different argument that ∆ > 0, that we now briefly sketch, is based on the obser-
vation that the splitting ∆ ∼ G(1, 1)−G(1,−1) only receives contributions from effective-
potential terms of the form tr
(〈M〉n) tr (〈M〉n′) with n, n′ both odd. (Terms with n, n′
both even contribute equally to G(1, 1) and G(1,−1).) Such terms can be thought of as
arising from a closed-string process. More precisely, they arise from T-odd scalar glueballs
propagating from one boundary of the annulus diagram to the other.11 (By contrast, terms
with even n, n′ only receive contributions from intermediate T-even scalar glueballs.) Using
the representation of this process as a sum over intermediate glueball states, it can be
argued that its coefficient, and hence ∆, should be positive.
The upshot of the preceding discussion is that the coefficient ∆ in (3.3) is positive,
∆ > 0, and this in turn singles out the p =
Nf
2
superselection sector as the true vacuum
up to and including O(1) in the large-N expansion. Since this vacuum is degenerate with
the other Nf superselection sectors (where p 6= Nf2 ) at O(N), there are Nf metastable
vacuum sectors, which are split from the true vacuum by an O(1) energy difference. Since
no degeneracy remains once we include the O(1) correction from the annulus, and since the
higher order contributions in the large N expansion decay as N →∞, it is plausible that
our qualitative conclusions remain correct at large but finite N . In particular, we expect
the theory at N  1 to have metastable vacua and to display associated first-order phase
transitions. Below we will explicitly exhibit these transitions.
3.2. A Sequence of First-Order Phase Transitions
We will now study the phase diagram of the k = 0 theory as a function of the flavor-
singlet mass deformation m = m1 in (2.9). (As in section 2.4 it is straightforward to
consider more general mass deformations.) The Nf metastable vacua discussed at the end
11 In 2 + 1 dimensions, only massive scalar particles can be further classified as T-even or T-odd. We are
grateful to Simon Caron-Huot for a related discussion.
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of the previous subsection will reappear in this context.
For small m (i.e. m Λ) we proceed as in section 2.4 and add the first-order mass de-
formation (2.28) to the effective potential of the massless theory. As we will self-consistently
confirm below, this approximation is sufficient to reliably capture the effects we describe
here. We must therefore minimize the sum of the O(1) effective potential (3.3) and the
mass deformation (2.28),
Vtot.(xi) = Λ
3∆
Nf∑
i,j=1
xixj +NmΛ
2
Nf∑
i=1
xi , ∆ > 0 , xi = ±1 , (3.4)
while the O(N) effective potential provides the constraint xi = ±1. Note that the potential
in (3.4) effectively describes a classical antiferromagnet in an external magnetic field ∼ Nm.
In the superselection sector labeled by p ∈ {0, 1, . . . , Nf}, the first p eigenvalues reside
at xi = −1, while the remaining Nf − p eigenvalues reside at xi = 1 (see (2.21)). It is
straightforward to evaluate the potential (3.4) in every such superselection sector,
Vtot.(p) = Λ
3∆
(
Nf − 2p
)(
Nf − 2p+
Nm
Λ∆
)
. (3.5)
The integer p = p∗(m) ∈
{
0, 1, . . . , Nf
}
that labels the true vacuum sector is obtained by
minimizing (3.5). This would straightforward if p were a continuous variable. Instead, we
use [[x]] to denote the integer nearest to x. We will only use this notation if x is not a
half-integer (see below). Then the vacuum sector is labeled by
p∗(m) =
Nf
2
+
[[
Nm
4Λ∆
]]
. (3.6)
Setting m = 0, we recover the result p∗(0) =
Nf
2
of section 3.1 above.
If we dial m away from 0, the function p∗(m) in (3.6) will jump by ±1 whenever
Nm
4Λ∆
∈ Z + 1
2
lies exactly between two integers. This happens when Nm
Λ∆
≡ 2 mod 4. At
these points two adjacent superselection sectors (with consecutive values of p) are exactly
degenerate, and there is a first-order phase transition from one sector to the other. For
instance, the first such transition point for positive m occurs when Nm
Λ∆
= 2, where the
superselection sectors with p =
Nf
2
and p =
Nf
2
+ 1 are exactly degenerate. If we dial Nm
Λ∆
through this point, we jump from the former to the latter sector. As we dial m from large
negative to large positive values, we therefore traverse all superselection sectors we found
in section 2, labeled by p ∈ {0, 1, . . . , Nf}, in consecutive order. Rather than being exactly
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degenerate, as was the case at leading order in the large-N expansion, the different sectors
are now separated by a sequence of first-order phase transitions in the mass parameter m.
An example of the phase diagram (for the case Nf = 4) as a function of m, as well as the
low-energy degrees of freedom in each phase, appears in figure 7.
Figure 7: The potential (3.5) as a function of m in the different superselection sectors for
Nf = 4. First-order phase transitions are indicated by black dots. The black line represents
the true vacuum.
Once we reach the asymptotic pure Chern-Simons phases without NG bosons, which
correspond to p = 0 and p = Nf , there are no additional transitions if we further in-
crease |m|. The transition into the asymptotic phases occurs when Nm
Λ∆
= ± (2Nf − 2),
which is congruent to 2 (mod 4) since Nf is even. The fact that all first-order transitions
discussed above, including the ones to the asymptotic phases, occur when the mass param-
eter m is of order |m| ∼ Λ
N
retroactively justifies retaining only the linear O(m) term in
the effective potential (3.4), as well as using the O(N) effective potential to constrain the
eigenvalues to ±1.
3.3. Incorporating the Chern-Simons Term
So far we have only discussed QCD3 with k = 0 at O(1) in the large-N expansion. Here
we summarize the necessary modifications for non-vanishing Chern-Simons level k. Now k
makes a direct appearance in the effective potential V (〈M〉) for the meson vev 〈M〉, via
disk diagrams diagrams involving a single Chern-Simons propagator or vertex. As explained
below (2.3), such diagrams are suppressed by a factor ∼ k
N
relative to the leading O(N)
disk diagrams, and hence such a disk diagram would give a contribution proportional to k.
Given that the O(N) effective potential restricts the meson eigenvalues to xi = ±1, the
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only possible effect of the Chern-Simons level is therefore to contribute a term ∼ kΛ3∑i xi
to V (〈M〉).
Such a term takes exactly the same form as the contribution NmΛ2
∑
i xi of the
flavor-singlet mass m = m1 in (3.4). This is consistent with the discussion at the end
of section 2.2, according to which the presence of a non-zero k additively renormalizes the
flavor-singlet mass m by an amount ∆m ∼ kΛ
N
. We can therefore simply absorb the contri-
bution of k to the O(1) effective potential into a redefinition of the flavor-singlet mass m
and study the phase diagram as a function of that mass. Note that the origin m = 0 is
no longer a distinguished point in parameter space, because the presence of k explicitly
breaks time-reversal symmetry T.
With these caveats, the phase diagram of the k 6= 0 theory as a function of m is nearly
identical to that of the k = 0 theory described in section 3.2. As m is varied from −∞
to ∞, there is a sequence of first-order phase transition traversing all superselection sectors
found in section 2, which are labeled by p ∈ {0, 1, . . . , Nf}, in consecutive order. The only
difference is that the levels of the Chern-Simons TQFTs in the different superselection
sectors are shifted by the bare level k. As we emphasized in the introduction, this picture
does not depend on whether k is larger or smaller than
Nf
2
. However, recall that when
0 ≤ k < Nf
2
, the superselection sector labeled by p =
Nf
2
− k does not contain any low-
energy Chern-Simons TQFT. This sector describes the quantum phase studied in [7]. By
contrast, for k ≥ Nf
2
all superselection sectors contain a nontrivial TQFT at low energies.
We will see below that this fact is rather important for duality.
4. Dualities for QCD
3
in the Large-N Limit
So far we have analyzed the large-N dynamics of QCD3, i.e. SU(N)k Yang-Mills-
Chern-Simons theory with Nf fundamental quarks. In this section we will examine the
results of the preceding sections through the lens of duality. (For an overview of duality
in the context of QCD3, with references, see section 1). Before we proceed, an important
conceptual comment is in order. Three-dimensional boson-fermion dualities are believed to
be infrared dualities, and hence they are cleanest, and most powerful, near a second-order
phase transition described by a CFT. In our analysis of large-N QCD3 we have found a
sequence of first-order transitions between phases containing NG bosons and Chern-Simons
TQFTs. Therefore, the boson-fermion dualities are not as powerful as they would have
been if the transitions were second order. Nevertheless, the dualities can correctly capture
the sequence of first-order phase transitions, the nonlinear sigma models that describe the
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gapless NG bosons, and the low-energy Chern-Simons theories, as well as their couplings
to background fields. (It would be nice to check if the theories on the domain walls at the
first-order transition points also agree.) Thus the boson-fermion dualities are informative,
even though the transitions are first order.
The dual theories that arise for QCD3 are U(N˜)k˜ Chern-Simons theories with Nf
scalars in the fundamental representation of U(N˜). The rank N˜ of the dual gauge group
depends on Nf and k, but not on N . It therefore remains fixed in the large-N limit. By
contrast, the dual Chern-Simons level k˜ ∼ N becomes large, and hence the bosonic dual
theories are weakly coupled at large N . (Recall the discussion about weakly coupled limits
of three-dimensional gauge theories in section 1.) In this way the duality beautifully and
explicitly realizes the idea that the large-N limit of QCD should be a weak-coupling limit.
Such gauge theories at large Chern-Simons level often flow to weakly coupled conformal
fixed points. To reproduce the behavior of the fermionic theory we will therefore have to
carefully adjust the scalar potential.
Indeed, the bosonic dual theories are able to succinctly describe the phases and first-
order phase transitions found in sections 2 and 3 above, as long as the scalar potentials of
these bosonic theories take a particular form that we describe in detail. This form is not
compatible with the quartic scalar potentials assumed in many previous studies.
4.1. The Bosonic Dual Theories
The bosonic dual theories that arise for QCD3 are U(N˜)k˜ Chern-Simons gauge theories.
The rank N˜ = 1
2
Nf ± k of the dual gauge group and the dual Chern-Simons level k˜ = ±N
are determined by the parameters N, k,Nf of QCD3. Note that N˜ does not depend on
the number of colors N , and hence remains fixed in the large-N limit, while k˜ = ±N
becomes large. As will be reviewed in section 4.2 below, there are sometimes two bosonic
duals with different values of N˜ and k˜ (corresponding to the ± signs in the preceding
formulas) for a given QCD3 theory with fixed N, k,Nf . The U(N˜)k˜ Chern-Simons theories
are coupled to Nf scalars φ
ai in the fundamental representation of the U(N˜) gauge group.
Here a = 1, . . . , N˜ is a fundamental gauge index, while i = 1, . . . , Nf is a fundamental index
for the SU(Nf ) flavor symmetry that acts on the φ
ai. There is also a topological U(1) flavor
symmetry associated with the center of the U(N˜) gauge group, which acts on monopole
operators and dynamical vortices. It is identified with the U(1)B baryon number symmetry
of QCD3. The bosonic dual theory is described by the following Lagrangian,
L = N (Dµφ)†aiDµφ
ai ± N
4pi
Tr
(
C ∧ dC + 2
3
C ∧ C ∧ C
)
+ V (φ) . (4.1)
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Here C is the dual U(N˜) gauge field and Tr denotes a trace over gauge indices. (The
conventions are as in section 2.1.) We would like to make several comments about this
Lagrangian:
• The U(1)B baryon charge B is given by the following topological charge,
B =
1
2pi
∫
M2
Tr dC , (4.2)
i.e. by the integral of the first Chern class of the U(N˜) gauge field over a 2-cycle.
• If we include a Yang-Mills kinetic term 1
4g
2
C
Tr (FC ∧ ?FC) for the dual gauge field C,
the Chern-Simons term (with level k˜ = ±N) will induce a gluon mass mgluon ∼ Ng2C .
The dual U(N˜) gauge group, and hence its gauge coupling gC , are held fixed in the
large-N limit, so that the gluon mass is O(N) at large N . Since we do not in general
expect the dual theory to correctly capture such massive states, we can integrate
out the massive gluons and omit the Yang-Mills term for C. Baryons are visible on
both sides of the duality, despite the fact that their masses are also O(N) in the
large-N limit [81]. In the bosonic duals they are described by magnetic vortices of
the dual U(N˜) gauge theory.
• For future convenience, we have normalized the scalar fields φai so that their kinetic
terms contains an explicit factor of N . This will help us clarify the weak coupling
nature of the large-N limit.
• In many previous studies, the scalar potential V (φ) of the bosonic dual theory was
taken to be a quartic polynomial in φ. More recently the authors of [57] considered
bosonic duals with sextic potentials. As we will discuss in section 4.3 below, the dual
scalar potential must have certain properties in order to capture the phases of large-N
QCD3. These properties are not compatible with a quartic potential, but they can be
achieved with a sextic potential (or more general higher-order terms, see below). This
is not entirely surprising: when the theory flows to a nontrivial fixed point describing
a second-order phase transition, the sextic term may be an irrelevant operator. If this
is the case, it can be safely omitted from the discussion. By contrast, if the phase
transitions are first order, not all field vevs need to become suitably small as we
approach the transition, so that higher-order polynomial corrections to the potential
are generally important. Such corrections can be viewed as dangerously irrelevant.
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The complex scalars φai can be organized into a N˜ ×Nf matrix, with N˜ rows indexed
by a gauge index a and Nf columns indexed by a flavor index i. We can define gauge-
invariant dual meson operators Mij,12
Mij = φ†aiφaj . (4.3)
Note that Mij is a positive-definite hermitian Nf × Nf matrix, which transforms in the
adjoint representation of the SU(Nf ) flavor symmetry. Using U(N˜) gauge and SU(Nf )
flavor transformations, the matrix φai can be put into diagonal form. For this purpose we
distinguish the cases N˜ ≥ Nf and N˜ < Nf :
1.) If N˜ ≥ Nf , then φai can be expressed in terms of Nf non-negative singular values yi
(with i = 1, · · · , Nf ), which we are free to arrange in descending order,
φai =

y1 0 · · · 0
0 y2
. . .
...
...
. . . . . . 0
0 · · · 0 yNf
0 0 · · · 0
...
...
. . .
...
0 0 · · · 0

=
diag(y1, . . . , yNf)
O(N˜−Nf)×Nf
 , y1 ≥ y2 ≥ · · · ≥ yNf ≥ 0 .
(4.4)
Here Om×n denotes an m by n matrix whose entries all vanish. The rank of φ
ai is
the number of non-vanishing yi, and the largest possible rank is Nf . Consequently
the dual meson operator Mij in (4.3), whose maximal rank is also Nf , is given by
Mij = diag
(
y21 , . . . , y
2
Nf
)
. (4.5)
2.) If N˜ < Nf , then φ
ai can be expressed in terms of N˜ non-negative singular values ya
12 Recall the definition of the fermion meson operator Mi
j from (2.10), Mi
j = 1Nψiψ
j .
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(with a = 1, · · · , N˜), which we again arrange in descending order,
φai =

y1 0 · · · · · · 0 · · · 0
0 y2 0 · · · 0 · · · 0
...
. . . . . . . . .
...
. . .
...
0 · · · 0 yN˜ 0 · · · 0
 =
(
diag
(
y1, . . . , yN˜
)
, ON˜×(Nf−N˜)
)
,
y1 ≥ y2 ≥ · · · ≥ yN˜ ≥ 0 .
(4.6)
Now the maximal rank of φai and Mij is N˜ , and the dual meson operator necessarily
has at least Nf − N˜ zero eigenvalues,
Mij = diag
(
y21 , . . . , y
2
N˜
,
Nf−N˜︷ ︸︸ ︷
0, . . . . , 0
)
. (4.7)
The parametrizations (4.4), (4.6) for φai and (4.5), (4.7) for Mij will facilitate our discus-
sion of higgsing and flavor-symmetry breaking below.
4.2. Duality Scenarios with Quartic Scalar Potentials
As we reviewed in section 1, previous work on the phases of QCD3 uncovered two
qualitatively different parameter regimes: k ≥ 1
2
Nf , and k <
1
2
Nf . We will now review
the proposed bosonic duals that cover these two regimes (see section 1 for references). We
offer some incidental new observations about the structure of quartic potentials in these
scenarios. Similar comments appear in [82].
4.2.1. k ≥ Nf
2
When k ≥ Nf
2
, there is a proposed bosonic dual of the kind reviewed in section 4.1,
with Lagrangian (4.1). It is a U(N˜)k˜ gauge theory with Nf fundamental bosonic flavors φ
ai.
The dual gauge group has rank N˜ = k +
Nf
2
, and the dual Chern-Simons level is k˜ = −N .
Since N˜ ≥ Nf , we are in the regime discussed around (4.4). In short, the bosonic dual is
U
(
N˜ = k +
Nf
2
≥ Nf
)
k˜=−N
+ φai
(
a = 1, . . . , N˜ ; i = 1, . . . , Nf
)
. (4.8)
In previous studies, this dual was assumed (either explicitly or implicitly) to be equipped
with a certain quartic scalar potential V4(φ). By gauge invariance, this potential V4(φ) is
a function of the dual meson Mij defined in (4.3). Moreover, it must respect the SU(Nf )
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flavor symmetry of the theory, and hence it is a sum of products of traces ∼ tr (Mn).
(As before, we use tr to denote a trace over flavor indices.) In general, both single- and
multi-trace terms can appear. The most general quartic potential V4(φ) takes the form
V4(φ) = µ
2 tr (M) + λ1 tr
(M2)+ λ2 tr (M)2 . (4.9)
Here λ1 and λ2 respectively denote the single- and double-trace quartic couples, and the
mass-squared µ2 can be either positive or negative.
In order to analyze the potential in (4.9), we use its U(N˜) × SU(Nf ) invariance to
parametrize φia in terms of Nf singular values yi, as in (4.4), so thatMij = diag
(
y21, . . . , y
2
Nf
)
,
V4(φ) = µ
2
Nf∑
i=1
y2i + λ1
Nf∑
i=1
y4i + λ2
 Nf∑
i=1
y2i
2 . (4.10)
By examining the behavior for large, positive yi, we can obtain various stability bounds
on λ1,2. For instance, by examining the slice y1 = · · · = yp = t and yp+1 = · · · = yNf = 0,
we find that V4(φ) ∼ p (λ1 + pλ2) t4 for large, positive t. This leads to the bound
λ1 + pλ2 ≥ 0 , p = 1, . . . , Nf . (4.11)
If λ2 ≥ 0, then all constraints in (4.11) follow from λ1 + λ2 ≥ 0; by contrast, if λ2 < 0, all
other constraints follow from λ1 +Nfλ2 ≥ 0.
Let us analyze the classical vacua, i.e. the minima of the potential (4.10). Its first
derivatives vanish at points yi that satisfy
yi = 0 or
µ2
2
+ λ1y
2
i + λ2
Nf∑
j=1
y2j = 0 . (4.12)
By examining the quadratic terms in (4.10) we see that the point yi = 0 is a minimum
when µ2 ≥ 0 and a maximum when µ2 < 0. Summing over the free index i in the second
equation of (4.12) for all non-zero yi (i.e. from i = 1 to i = rank(M)) leads to13
Nf∑
i=1
y2i = −
rank(M)µ2
2 (λ1 + rank(M)λ2)
. (4.13)
13 We are grateful to the authors of [82] for a useful discussion about the case with non-maximal rank.
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Due to the stability bounds (4.11), this only has solutions away from the origin when
µ2 < 0. Substituting back into (4.12), we find two scenarios:
• If µ2 < 0 and λ1 6= 0, then for every possible value of rank(M), the potential has a
stationary point at
y1 = · · · = yrank(M) =
(
− µ
2
2 (λ1 + rank(M)λ2)
) 1
2
, yrank(M)+1 = · · · = yNf = 0 .
(4.14)
Substituting back into the potential (4.10), we find
V4(φ) = −
rank(M)µ4
4 (λ1 + rank(M)λ2)
, rank(M) = 0, 1, . . . , Nf . (4.15)
In order to determine the true minimum of (4.15), we must distinguish two sub-cases:
a) If λ1 > 0, we can use the stability bounds (4.11) to show that the potential is
minimized when M has maximal rank, i.e. when rank(M) = Nf .
b) If λ1 < 0, we can use the stability bounds (4.11) to show that the potential is
minimized when M has minimal non-vanishing rank, i.e. for rank(M) = 1.
• If µ2 < 0 and λ1 = 0, then there is a manifold of exactly degenerate classical vacua yi.
It follows from (4.12) that these vacua lie on an SNf−1 defined by
∑Nf
i=1 y
2
i = − µ
2
2λ2
.
In particular rank(M) can take any value between 1 and Nf .
As we already discussed in the introduction, and will review below, the existing duality
proposals with quartic potentials always assume maximal color-flavor locking in the Higgs
phase, which requires M to have maximal rank, i.e. rank(M) = Nf . By comparing with
the above analysis, we see that this can only be guaranteed if λ1 > 0, and we will therefore
assume that this inequality holds. By contrast, λ2 can have either sign (or vanish) as long
as the stability bounds (4.11) are satisfied.
Note that the vacua away from the origin approach the origin as µ2 → 0−. Classically,
the point µ2 = 0 therefore corresponds to a second order phase transition, where new mass-
less particles appear. Most of the recent literature (see [57] for an exception) assumes that
only the mass parameter µ2 should be dialed, while the quartic couplings λ1 and λ2 are
assumed to be suitably generic (subject to the various positivity bounds discussed above),
and hence irrelevant for the phase structure and dynamics in the deep IR. Moreover, it
is usually assumed that the infrared phases are correctly captured by the classical scalar
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potential analyzed above, and that the phase structure is not spoiled by quantum effects.
By contrast, it is well known that quantum effects can change the order of a phase transi-
tion, as in [83, 84] where quantum corrections turn a classical second-order transition into
a first-order transition.
With these comments in mind, we can summarize the proposed IR behavior of (4.8),
which is claimed to be dual to the IR behavior of QCD3 with k ≥ Nf2 :
• When µ2 > 0 we are in a phase with yi = 0, and hence φai = 0. Therefore neither the
gauge nor the flavor symmetries are spontaneously broken, and all scalars acquire a
mass. Integrating them out, we are left with a U
(
k +
Nf
2
)
−N
Chern-Simons TQFT,
which is level-rank dual to
U
(
k +
Nf
2
)
−N
←→ SU(N)
k+
Nf
2
. (4.16)
• When µ2 < 0 we are in a phase where all yi are equal and non-vanishing. Comparing
with (4.4), we see that the N˜ ×Nf matrix φai is given by
φai ∼
(
1Nf×Nf
O(N˜−Nf )×Nf
)
. (4.17)
Therefore the flavor symmetry is unbroken (upon mixing with the gauge symmetry),
but the gauge group is higgsed to U
(
N˜ −Nf
)
= U
(
k − Nf
2
)
. All scalars acquire a
mass and, using level-rank duality, the TQFT in the deep IR is
U
(
k − Nf
2
)
−N
←→ SU(N)
k−Nf
2
. (4.18)
As we reviewed in section 1, the two phases above coincide with the asymptotic phases of
QCD3 if we identify µ
2 ∼ mΛ (up to an additive constant). Here m is the flavor-singlet
mass deformation of QCD3, and Λ is its strong-coupling scale. As we have seen in sections 2
and 3, this minimal scenario is not realized in the large-N limit of QCD3. This will be
remedied below by considering a more general scalar potential.
4.2.2. k <
Nf
2
When k <
Nf
2
, there are two proposed bosonic duals which together have been argued
to cover the phase diagram of QCD3. The analysis of each dual closely parallels the
36
discussion in section 4.2.1 above. The only essential difference is that the ranks of the dual
gauge groups are now less than Nf , so that we are in the regime discussed around (4.6):
1.) As above, the first dual can be schematically described as follows,
U
(
N˜ = k +
Nf
2
≤ Nf
)
k˜=−N
+ φai + V4 (φ)
(
a = 1, . . . , N˜ ; i = 1, . . . , Nf
)
.
(4.19)
Here V4(φ) is the quartic scalar potential in (4.9), and we again assume that λ1,2 are
generic (subject to the various positivity bounds discussed above). This leads to the
following phases as a function of µ2:
1a.) When µ2 > 0 we are in a phase with φai = 0, where all gauge and flavor
symmetries are unbroken, and where all scalars are massive and can be integrated
out. As in (4.16) this leaves the following TQFT in the deep IR,
U
(
k +
Nf
2
)
−N
←→ SU(N)
k+
Nf
2
. (4.20)
1b.) When µ2 < 0 we find a phase where the vev of φia is described by N˜ identical,
non-vanishing singular values y1 = · · · = yN˜ ∼ 1 (see (4.6) and (4.7)), so that
φai ∼
(
1N˜×N˜ , ON˜×(Nf−N˜)
)
, Mij ∼ diag
( N˜︷ ︸︸ ︷
1 , . . . , 1 ,
Nf−N˜︷ ︸︸ ︷
0 , . . . , 0
)
. (4.21)
Therefore the U(N˜) gauge symmetry is completely higgsed, while the SU(Nf )
flavor symmetry is broken as follows,
SU(Nf ) → S
[
U(N˜)×U(Nf−N˜)
]
= S
[
U
(
Nf
2
+ k
)
×U
(
Nf
2
− k
)]
. (4.22)
The only massless fields in this phase are the NG bosons associated with this
symmetry breaking, which parametrize the following Grassmannian target space,
Gr
(
Nf
2
+ k,Nf
)
=
SU(Nf )
S
[
U
(
Nf
2
+ k
)
× U
(
Nf
2
− k
)] . (4.23)
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2.) The second dual takes the following schematic form,
U
(
N̂ =
Nf
2
− k ≤ Nf
)
k̂=N
+ φ̂ai + V̂4(φ̂)
(
a = 1, . . . , N̂ ; i = 1, . . . , Nf
)
. (4.24)
The quartic scalar potential takes the same form as in (4.9), with mass parameter µ̂.
This leads to the following phases as a function of µ̂2:
2a.) When µ̂2 > 0 then φ̂ai = 0. All gauge and flavor symmetries are unbroken and,
using level-rank duality the deep infrared is described by the following TQFT,
U
(
Nf
2
− k
)
N
←→ SU(N)
k−Nf
2
. (4.25)
2b.) When µ̂2 < 0 we find a phase with
φ̂ai ∼
(
1N̂×N̂ , ON̂×(Nf−N̂)
)
, M̂ ji ∼ diag
( N̂︷ ︸︸ ︷
1 , . . . , 1 ,
Nf−N̂︷ ︸︸ ︷
0 , . . . , 0
)
. (4.26)
As in the discussion around (4.22), the U(N̂) gauge symmetry is completely
higgsed, while the flavor symmetry breaks according to the following pattern,
SU(Nf ) → S
[
U(N̂)×U(Nf−N̂)
]
= S
[
U
(
Nf
2
− k
)
×U
(
Nf
2
+ k
)]
. (4.27)
The target space for the massless NG bosons is therefore the same as in (4.23),
since Gr
(
Nf
2
− k,Nf
)
= Gr
(
Nf
2
+ k,Nf
)
. All other particles are massive.
The phases in 1a.) and 2a.) above coincide with the asymptotic phases of QCD3 for
large (positive or negative) flavor-singlet mass m. In these regimes we can therefore iden-
tify µ2 ∼ mΛ (m  Λ) and µ̂2 ∼ −mΛ (m  −Λ). The phases in 1b.) and 2b.) are
identical at low energies. It was proposed in [7] that these three distinct phases coincide
with the phases of QCD3 as a function of its flavor-singlet mass parameter m. As before,
we see that the bosonic dual theories, furnished with only a quartic scalar potential, are
not able to capture the large-N dynamics that we have uncovered in QCD3.
4.3. A Dual Scalar Potential for Large-N QCD3
The aim of this subsection is to propose a scalar potential such that the dynamics of
the bosonic dual theories agrees with that of large-N QCD3. As we have seen above, it is
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necessary to include terms beyond the quartic order.
4.3.1. k ≥ Nf/2
As we saw in section 4.2.1, a generic quartic potential for the bosonic dual theory
suggests a single transition between the two asymptotic phases with SU(N)
k±Nf
2
Chern-
Simons theories. Essentially, this is because the eigenvalues of the meson matrix Mij =
diag
(
y21, . . . , y
2
Nf
)
make a single transition from a vacuum where all yi = 0 to a vacuum
where all yi are equal but non-zero. In order to reproduce the Nf + 1 different large-N
vacua of QCD3 uncovered in section 2.3, we must allow the individual eigenvalues yi to
make the transition one eigenvalue at a time. The structure of the required potential for the
bosonic operator Mij = φ†iφj can be inferred by comparing to the effective potential (2.18)
for its fermionic dual Mi
j = 1
N
ψiψ
j. The salient features of this effective potential are
its single-trace structure, with two exactly degenerate minima for each eigenvalue xi (this
allows each xi to transition independently), and the fact that the potential is O(N) in the
large-N limit.
Motivated by these properties, we propose that the effective potential for the dual
bosonic meson Mij takes the following form,
V (M) = NΛ3
Nf∑
i=1
H(y2i ) . (4.28)
Here H(y2) is a function that does not depend on N and has two exactly degenerate
minima. After a suitable rescaling, we can place them at y = 0 and y = 1. See figure 8 for
an example of such a function.
Figure 8: The function H(y2) entering in (4.28), with two degenerate minima at y = 0, 1.
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Before spelling out why this form of H(y2) leads to the desired properties, several
comments are in order:
• The properties required of H(y2) are impossible to achieve using a quartic polynomial.
This means that the quartic potentials reviewed in section 4.2 (and assumed in most
of the recent literature) cannot provide a correct dual description for the vacuum
structure of large-N QCD3.
• While any function H(y2) satisfying the properties listed above will lead to the correct
vacuum structure, it is possible to satisfy all requirements by choosing H(y2) to be
a sextic polynomial,
H(y2) ∼ y2(y2 − 1)2 . (4.29)
Choosing such an H(y2) has the interesting feature of making the bosonic dual the-
ory renormalizable. Boson-fermion dualities with sextic scalar potentials were also
recently considered in [57], albeit for different reasons and in a different parameter
regime (large N, k and fixed N
k
). In order to simplify the presentation below, we will
assume that H(y2) has been chosen as in (4.29).
• With the scalar potential (4.28), the entire bosonic dual Lagrangian (4.1) scales
like N ,
L = N
(
(Dµφ)†iDµφ
i ± 1
4pi
Tr
(
C ∧ dC + 2
3
C ∧ C ∧ C
)
+ Λ3 tr
(
H
(
Mij = φ†iφj
)))
.
(4.30)
This makes it clear that the large-N limit is nothing but a conventional weak-coupling
limit in the bosonic dual theory.
• The two degenerate minima of the function H(y2) in (4.29) are not accounted for by a
symmetry, so that this degeneracy can only be achieved by fine-tuning. Consequently,
we do not expect it to be respected by quantum corrections. Fortunately, we will only
need to insist on this fine-tuning at leading order in the large-N (or semiclassical)
limit, while quantum corrections are suppressed by 1
N
.
In order to analyze the consequences of the scalar potential (4.28), we use an SU(Nf )
Weyl transformation to order the yi in descending order as in (4.4), i.e. y1 ≥ y2 ≥ · · · ≥
yNf ≥ 0. Together with the fact that H(y2) in (4.29) has two exactly degenerate minima
at y = 0 and y = 1, it follows that there are Nf + 1 independent vacuum sectors that are
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not related by SU(Nf ) flavor transformations,
y1 = · · · = yNf−p = 1 , yNf−p+1 = · · · = yNf = 0 , p ∈ {0, 1, . . . , Nf} . (4.31)
Here the integer p counts the number of eigenvalues in the y = 0 vacuum. Comparing
with (4.4), we see that the U
(
k +
Nf
2
)
gauge symmetry is higgsed to U
(
k − Nf
2
+ p
)
.
Similarly, the SU(Nf ) flavor symmetry is broken to S
(
U(Nf − p)× U(p)
)
. The only gap-
less degrees of freedom that remain in each vacuum are the NG bosons resulting from this
symmetry breaking. They parametrize a Grassmannian target space,
Gr(p,Nf ) =
SU(Nf )
S
(
U(Nf − p)× U(p)
) = U(Nf )
U(p)× U(Nf − p)
, (4.32)
as in (2.23). Similarly, the unbroken gauge symmetry leads to a U
(
k − Nf
2
+ p
)
−N
Chern-
Simons theory, which is level-rank dual to SU(N)
k−Nf
2
+p
. Together with the NG bosons
in (4.32), this exactly matches the low-energy degrees of freedom in (2.33) (see also figure 9).
In each vacuum, the mapping between the bosonic meson eigenvalues y2i and the fermionic
meson eigenvalues xi is as follows,
y21,...,Nf−p =
1
2
(
1 + xp+1,...,Nf
)
, y2Nf−p+1,...,Nf =
1
2
(
1 + x1,...,p
)
. (4.33)
At low energies, the diagonal abelian gauge field TrC constructed using the micro-
scopic U
(
k − Nf
2
)
gauge field C flows to a linear combination of the diagonal abelian
gauge field (still denoted TrC) constructed using the unbroken U
(
k − Nf
2
+ p
)
gauge field
in the deep IR, and the Ka¨hler connection of the Grassmannian NG target space. Thus,
the microscopic baryon number (4.2) flows to the following expression in the deep IR,
B =
1
2pi
∫
M2
Tr dC −→ BIR =
1
2pi
∫
M2
ω +
1
2pi
∫
M2
Tr dC . (4.34)
Here ω is the Ka¨hler form of the Grassmannian manifold, normalized so that its periods
are properly quantized and B ∈ Z. Its contribution to B in (4.34) is the standard skyrmion
contribution to baryon number. By contrast, the second term in (4.34) is the monopole
charge of the U
(
k − Nf
2
+ p
)
−N
Chern-Simons theory in the deep IR. Even though it
vanishes as an operator, it can still couple to the U(1)B background gauge field (see for
instance [85, 86] for a detailed explanation with examples). The fact that baryon num-
ber receives contributions from both skyrmions and Chern-Simons anyons reflects the fact
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Figure 9: Phases of large-N QCD3 (shown in blue) with k ≥ Nf2 as a function of the
flavor-singlet mass m. There are Nf + 1 phases, which generically contain both NG bosons
(with Grassmannian target spaces) associated with different patterns of flavor-symmetry
breaking, as well as a Chern-Simons TQFT in the deep IR. There are Nf first-order phase
transitions indicated by yellow dots. The same phases and transitions are captured by the
bosonic dual (shown in red), if the scalar potential for φ takes a suitable form.
(mentioned at the end of section 2.5) that gauge-neutral baryons, described by conven-
tional skyrmions, can in principle decay into deconfined anyonic quarks, whose worldlines
are captured by the Wilson lines of the low-energy Chern-Simons TQFT. Note however
that the decay process itself involves the microscopic degrees of freedom of the theory and
is not captured by the universal low-energy physics.
It is straightforward to check that small mass deformations also work exactly as in the
fermionic case. Such a deformation to the scalar potential takes the following form,
∆V (M) = N tr (µ2M) . (4.35)
On the minima of the scalar potential of the massless theory, M has eigenvalues 0 or 1, and
hence it satisfies the constraint M(M− 1) = 0. Implementing this with a Lagrange mul-
tiplier, as in (2.25), leads to the vacuum alignement condition [µ2,M] = 0, so that we can
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simultaneously diagonalize µ2 = diag
(
µ21, . . . , µ
2
Nf
)
and M = Λdiag
(
y21, . . . , y
2
Nf
)
. Note
that each mass eigenvalues µ2i can take arbitrary real values. The mass deformation (4.35)
then reduces to
∆V (yi) = NΛ
Nf∑
i=1
µ2i y
2
i . (4.36)
Ordering the mass eigenvalues in ascending order,
µ21 ≤ · · · ≤ µ2Nf−p ≤ 0 ≤ µ2Nf−p+1 ≤ · · ·µ2Nf , (4.37)
we find that the first Nf−p eigenvalues are at yi = 1, while the remaining p eigenvalues are
at yi = 0, exactly as in (4.31). However, the Grassmannian NG manifolds in each superse-
lection sectors are lifted due to the vacuum alignment condition. Comparing with (2.29),
we can establish the following map between the mass eigenvalues,
µ21,...,Nf−p ∼ Λmp+1,...,Nf , µ2Nf−p+1,...,Nf ∼ Λm1,...,p , (4.38)
where the proportionality constant is the same in both relations to ensure SU(Nf ) co-
variance. Recall that the zero-mass point of QCD3 is meaningful at leading order in the
large-N limit. In the bosonic dual this point corresponds to fine-tuning the scalar poten-
tial to achieve precisely degenerate vacua at y = 0, 1, which is also meaningful because the
large-N limit of the bosonic theory is semiclassical.
4.3.2. k < Nf/2
It is straightforward to repeat the discussion of the preceding section for the two
bosonic duals in section 4.2.2. If we work in the bosonic dual (4.19) with gauge group
U
(
N˜ = k +
Nf
2
)
, the bosonic meson operator M = Λ diag
(
y21, . . . , y
2
k+
Nf
2
, 0, . . . , 0
)
has
rank at most k +
Nf
2
. If we add the scalar potential (4.28), only the first k +
Nf
2
terms in
the sum will be nonvanishing. This leads to k +
Nf
2
+ 1 vacua, labeled by an integer q,
y1 = · · · = yk+Nf
2
−q = 1 , yk+Nf
2
−q+1 = · · · = yk+Nf
2
= 0 , q ∈
{
0, 1, . . . , k +
Nf
2
}
.
(4.39)
In other words, q counts the number of vanishing yi. Comparing with (4.6) (with N˜ =
k +
Nf
2
) we find that the U
(
k +
Nf
2
)
gauge symmetry is higgsed to U(q), while the
global SU(Nf ) flavor symmetry is broken to S
(
U
(
k +
Nf
2
− q
)
× U
(
Nf
2
− k + q
))
. Using
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level-rank duality, we can summarize the low-energy degrees of freedom coming from the
NG bosons and the Chern-Simons theory as follows,
Gr
(
Nf
2
− k + q ,Nf
)
⊗ SU(N)q , q ∈
{
0, 1, . . . , k +
Nf
2
}
. (4.40)
Comparing with (2.33), we see that the k +
Nf
2
+ 1 phases covered by q correspond to
choosing p =
Nf
2
− k + q in that formula, i.e. we cover only the phases labeled by
p ∈
{
Nf
2
− k, . . . , Nf
}
. (4.41)
Note that q = 0 labels the phase with only NG bosons and no TQFT.
If we repeat this analysis for the second bosonic dual (4.24), with gauge group U
(
N̂ =
Nf
2
− k
)
,
we similarly obtain the following superselection sectors,
Gr
(
Nf
2
− k − q̂ , Nf
)
⊗ SU(N)−q̂ , q̂ ∈
{
0, 1, . . . ,
Nf
2
− k
}
. (4.42)
Comparing with (2.33), we see that the
Nf
2
− k + 1 phases covered by q̂ correspond to
choosing p =
Nf
2
− k − q̂ in that formula, so that we cover the phases labeled by
p ∈
{
0, 1, . . . ,
Nf
2
− k
}
. (4.43)
If we now compare the values of p in (4.41) and (4.43) that are covered by the two
bosonic duals, we see that every phase is covered by at least one of the duals. Moreover,
the phase with p =
Nf
2
− k, which only has NG bosons and no TQFT, lies in the common
regime of validity of both duals. This is the only vacuum sector that can be simultaneously
described in both duals. The phase diagram and the regime of validity of the two bosonic
duals are summarized in figure 10.
Note that as in the discussion around (4.34), the U(1)B baryon charge B in the various
sectors generically receives contributions from both skyrmions associated with the NG boson
sigma model, as well as from the Chern-Simons TQFT.
4.3.3. Beyond Leading Order in the Large-N Expansion
Having understood how to describe the exactly degenerate vacua of the large-N theory
by choosing suitable scalar potentials for the bosonic duals, we now discuss how to modify
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Figure 10: Phases of large-N QCD3 (shown in blue) with 0 ≤ k < Nf2 as a function of the
flavor-singlet mass m. There are Nf + 1 phases, which generically contain both NG bosons
(with Grassmannian target spaces) associated with different patterns of flavor-symmetry
breaking, as well as a Chern-Simons TQFT in the deep IR. There are Nf first-order phase
transitions indicated by yellow dots. The same phases and transitions are captured by the
two mutually non-local bosonic dual theories (shown in green and red), if their respective
scalar potentials are chosen appropriately.
the duals to describe the phenomena uncovered in section 3, which are subleading in the
large-N expansion. For simplicity we focus on the case k ≥ Nf
2
, for which there is a single
bosonic dual. The case with two mutually non-local bosonic duals can be analyzed along
similar lines.
In QCD3 at large N , the O(1) correction to the effective potential is given by (3.3),
which we repeat here,
V (xi)
∣∣
O(1) = Λ
3∆
Nf∑
i,j=1
xixj , ∆ > 0 . (4.44)
Recall that the sign of ∆ was fixed by appealing to the Vafa-Witten theorem [73]. It is
straightforward to replicate this effective potential in the bosonic dual theory by using the
mapping (4.33), which is valid in the vacua of the large-N theory. Substituting into (4.44),
45
we find
Λ3∆
Nf∑
i,j=1
xixj = Λ
3∆
Nf∑
i,j=1
(
2y2i − 1
) (
2y2j − 1
)
. (4.45)
Multiplying this out, we find an immaterial constant shift of the energy, as well as an
expected additive shift ∆µ2 ∼ Λ2∆ in the flavor-singlet mass µ2. The essential new term
that first appears at O(1) in the large-N expansion is the following double-trace coupling,
V (M)∣∣O(1) = 4Λ3∆ Nf∑
i,j=1
y2i y
2
j = 4Λ
3∆ tr (M)2 , ∆ > 0 . (4.46)
Given that the leading large-N vacua are correctly captured in the fermionic x-description
and the bosonic y-description, the equality (4.45) guarantees that the effects appearing
at O(1) in the large-N expansion as described in section 3 are correctly captured by adding
the O(1) double trace potential (4.46) to the bosonic dual theory (4.30).
So far we have treated the bosonic dual theories classically and engineered their scalar
potentials to correctly reproduce the behavior of large-N QCD3. We must now discuss
to what extent these choices are compatible with quantum effects, e.g. to what extent
the scalar potentials are renormalized in the quantum theory. For the purposes of this
discussion it is again convenient to choose the single-trace potential as in (4.28) and (4.29),
with a leading sextic term ∼ N tr (M3) = N tr((φφ)3). This interaction leads to a
vertex with three φ and three φ fields. Contracting a φφ pair can either lead to a single-
trace quartic coupling ∼ tr (M2) or to a double-trace quartic ∼ tr (M)2 as in (4.46) (see
figure 11). In three dimensions, such a contraction is linearly divergent, since
∫
d
3
p
p
2 ∼ ΛUV,
where ΛUV is a UV cutoff.
Figure 11: Different contractions of φφ pairs can lead to single- or multi-trace vertices.
Here red lines represent flavor indices and black lines indicate gauge indices.
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Similarly, contracting two φφ pairs leads to a quadratically divergent mass renormaliza-
tion ∼ Λ2UV. These power-law divergences require appropriate counterterms that must be
fine-tuned to achieve a scalar potential whose structure is as described above. In particu-
lar, this means that the coefficients of these terms in the potential are not calculable, even
though the bosonic dual theory is weakly coupled and can even be renormalizable.
For instance, the O(N) scalar potential must be fine-tuned to the single-trace form
in (4.28) (with H(y2) ∼ y2(y2−1)2 as in (4.29)). However, this fine-tuning is not sufficient to
guarantee that the coefficient ∆ of the double-trace potential (4.46) is positive. Ensuring
this can be viewed as a further tuning, which is required to achieve the desired phase
structure at O(1) in the large-N expansion. It is however suggestive that a one-loop
contraction of the single-trace sextic ∼ N tr
((
φφ
)3)
with propagator 〈φφ〉 ∼ 1
N
precisely
induces an O(1) double-trace term of the form (4.46), with a positive but formally UV-
divergent value of ∆. If we remove the divergence using a double-trace counterterm, the
positivity of ∆ is no longer automatic and must be ensured by tuning.
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